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Abstract
/* This progress report is divided into four main parts. In Part A we

begin with some introductory remarks on 1/f noise and the impact of the con-
tributions performed during the present grant period. Next we give a survey
of 1/f noise theory as it stands today, together with the experimental evidence
for the various models.

In Part B the experimental work performed under the grant is described.
This entails the work on gold films, transistor noise source identification,
u-particle counting experiments, and noise in n+r1n+ and n+pn+ near-ballistic
diodes. The noise in these structures is very low, indicating definitely that
mobility fluctuations are at the origin of 1/f noise.

In Part C we describe various theoretical contributions of work per-
formed under the grant. In particular, the Allan variance transform theorem

throws a new light on the existence of spectra of the form l/fa, -1<a<3.,
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INTRODUCTION
I. Summary

Research on 1/f noise covers a period of 55 years. In that time
many theories and models have been put forward to explain this enigmatic
phenomenon. We believe that the following types of noise theory have sur-
vived:

1. The universal theories

2. Transport theories

3. Specific noise model theories

4., The van der Ziel-Bernamont-du Pre-McWhorter theories; distribu-

tion of time constants,

5. The mobility-fluctuation bulk model: phonon effects.

6. The mobility-fluctuation bulk model: quantum 1/f noise (Handel)
Under the Air Force grant we have performed both experimental and theoretical
work to try to really get at the origin of the 1/f noise. Mr. Kilmer's
experiments on films are designed to confirm or reject theories of type 2.
Most indications to date are, however, pointing in the direction of models 5
and 6. In this report we discuss Kilmer's experiments in transistors, which
definitively show that the noise, both of collector and base sources, is due
to mobility fluctuations. The older findings, which supported surface
effects (theory 4) seem no longer applicable in modern devices. Mr. Schmidt's
measurements on near-ballistic gallium arsenide mesa diodes also strongly
point to the validity of the mobility-fluctuation model 5 or 6. Further evi-
dence for this is being gathered by Mr. Andéian, who will consider the noise
as a function of ratio d/f, where d is the thickness of the structure and £
the phonon mean free path. Finally, Mr., Jeng Gong's experiments indicate

that Handel's theory (model 6) might explain 1/f fluctuations in radioactive

o G a1y, b -

i
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decay. We believe, therefore, that great progress has been made during
this grant period to identify the cause of 1/f noise in devices and in
entirely different phenomena, like a-particle emission.

The various experiments are described in part B. Finally, the
extensive theoretical analyses which have been made in conjunction with the
experiments are described in part C.

First, in this part, Section II, we present a survey paper on 1/f
noise, which elaborates the introductory remarks made here; this survey paper

(invited) was presented at the October 1981 Rome conference on noise.
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I1. Survey of 1/f Noise (C.M. van Vliet)

a. Introduction, Historv, and Extant Theories

Whereas many noise phenomena, like shot neise, thermal noise
and generation-recombination noise are well understood, 1/f noise remains
an enigma. This noise has been observed in all semiconductors, metal
films and semicounducteor devices. But it 1s more universal than that:
1/f noise occurs in a host of phenomena: traffic flow, varictions in the
rotation arcund the earth's axis, in rmusic, in hourglass flow, and in
many biomedical pheromena such as eyeball movement. Therefore, sone in-
vestigators believe that there must be some universal phencreron operative
in all these manifestations, like scale invariance. Others believe that
we should conrine ourselves to a class of phenomena, like electrical 1/f

noise. Still others believe that there are many type f

th
O
]

lectricel 1/f

noise; it can further be said that each theory has its device, but not every

device has yet its proper theory!

Rescarch on 1/f neise covers a period of 55 vears. It started
with the discovery ot the effect by J.B.Johnson in 1925 [1] in bariua
oxide cathode vacuum.tubes. The first theory was given by Schottky [2],
attributing the noise to creation and destruction of emission centers on
the cathode due to ion migration; unfortunately, Schottay's theory, like

2 »
so many others, resulted in Lorentzian neoise, S(w) = Ka/(a ~w™). Since
Schottky's theory, perhaps another fifty theories have scen the daviight,
some specific, some very general, some sober, and some fantastic. Many
theories contained unverifiable paramecters, .and others which did, like the
temperature-fluctuation model, have shown by and large not to work. We

believe that the following Six tyvpes of theories have survived.
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b
'

1. The "universal" theories, Since no characteristic turnover .
frequencies have generally been found, the problem is attributed to scale .

invariance (Machlup [3]). A variation along these lines was proposed
by Handel ct al [32), who attribute the noise to a nen-linear mani ifesta-
tion. The argurent is briefly as follows: Let

LIy i-£0) = h(r) (1.1)
be a Langevin equation, where £1is a linear operator, while f(y) 1is non-
linear in y. Expanding in a Taylor series f£(y) = Lanyn, and making-a
Fourier analysis ¢ a sample yT(t) of duratien T, one obtains
LI ()]0 T 5 Fle) TSR e o = B (1.2

the second (quadrotic) term stems from the nonlincarity. This tern

- . N ~ . .- . ~ . . ~ .
indicates that y.o 1s dimensionless, so yT has the dimension of time.

;
Since S),o:' I)J see that Sy has the dimension of time. The question

is which physica! phenomenon can account for this. If there are no
charac .istic times (scale invariance) then the only dimensional correct
quantity is £ ~. Lence Sy(f) = C/£. Obviously, the quantity C cannot l

be identified and ¢ne learns little from this type of argument.

2. Transrcrt theories. We have seen in lecturc II that transport

theories of the tyye

I’?)

(0] = 5+ 2 v@ 0] = a0, (1.3)
~
where AL is a spatial linear operator such as -Dy~, lead to spectra of g

the form (II, eq. (1.31)):

S (r,r',w) = I J EF (a7 kg
Y o~~~ v K-




- 10 -

So basic.lly, we ehtain an infinite =sum cf Lorericiuns

1s an integral over a distrivtution of relaxation tires 7(R) = 1/Re (=)
Can we ©:nd a weighting functien Fk that dees the trich so that the result

, neither for dif:fusion,
nor ror heul or temperature-rluctustion phuendmenz, as we <aw in lecture 11,
The only excepticn is the surrface g-rv nolse model 1in MUSFETs. Yet, atterpta
to worx witi (53.4) Keep appearing in the literature. The first theories

of this nature were due to MacFarlane (4], Richardson [53], and Burgess {¢€].

See also van Viiet and van der Ziel [7]. .

noise theories bz od on such specific medels, that we can sce with almost
certainty that ti. models cannot account for datz in many dissimilar
devices and solids. For example Leon Eess in the fifties [8] devised a

model where atoms were diffusing up and down pipes of edge dislocations.

&

At that time there were many neasurements, e.g. by Brophy [9] showing
that 1/f noise strengly increased in deforrmed solids. Moreover, the noise ' l
4 . . - 2
went as 1, contrary to all modern observations (which find an I dependence)
Thus, even if Bess' theory might have been reasonable for the 1/f noise in
Ge observed at that time, it certainly has no bearing on noise in Ge and
Si samples of todar, since dislocation-type 1/f noise, together with the
4 . . . - . .
1" dependence, has been eliminated. A similar fate may await recent theories
by Min [10] and Pclligrini [11]. In Min's theory there is the assumption

that there are recions in a semi conductor, in which interband scatterin
S “

<
o

dorinates intraband scattering. Making in addition the assumption that




¢ v ——— o — = ———

the sontty ving rate nas a very syrecial (unobserved) dependence on oenergy,
he arrive: t o4 fairivoeaact 177 spectrum, The preblem is thuat he
TUSt postiodle the ogcurrence ©f such speciril o lmpurity reglons, requlring
an inhono, neitowhicn 1s highly unreasonuble for modern pure silicon
sanples.  Che same ebjyection applies to PFelligrini's island theory.
.
4 The van der ZTicel - Bernuameont - duPre - Mewhorter thegries

distrivur: ool time constants. Rernament [12] was the first perscn to

. i . 1 1 A4t 4}7'\.- . dx
S () =, T - T T T~ . 3
Y ~ 10g T Tl T L ma “logivaoTy) T 2

R J ’ . - o (g
Ayt e e), fae Banm,
2 N 2
—
= LyTofolog tait), Vitti< f< ViIng (1.5)
sl < 1
-
Ay /5T T 195(7‘-/-1)' 1//2'7~1 < t.

)

We thus cbtain a ! f spectrunm over a wide range. In view of the oxperimental !

C.

. -7, . .
s been observed from 10 "hz [Saker [lo], Firle an

situations (l/f nc.se
Winston [17], Koll.ns and Templeton [18]] up to 107h: [van Vliet et al [19]],

. 14 . . .
T,/7, must be at lvast 107 7. Two types of theories have been given to

"1

11

explain such a di. tribution of time constants. (i) A uniform spread in

. . et , N - ’ o N -
activation ecnergics (van der Ziel, du Pre). Thus let =< = .Oexp(q[/kT).

Then if q(E) = 1/(E2-E1) for E1 < E = E2 and g(E) = 0 elsewhere, we
have
. dE kT 1 1 1
glv) = g(bi G- = ¢ - (1.6)

dt




<
Now  legon Ttl) o= (Eﬂ—ﬁqu_kT in gecord with (35). We notice thut
- i -
the noise o the 10§ roange beccmes proportieonzl to T, in contrast te recent

detulled o porimental ebservations by Horn, Dutta, and Uberhurd [20]

on metal I lms in the range <H-300K. This theory can thererfeore be luaid
to rest. Li) A amiform sprozd in tumnel distances;  this 1s the buasis
of Machhort »r's theory znd similar theories., We then have the tunnel
times <= - exp(zw) where w 1s the tunnel distance and o is a quantunm

rmechanical censtant. One easily sces that this al

tn

o gives a 1/t dis-
tributicn.  In MOSFETs, Mcwhorter's model, with the various modifications

by van der Ziel [I1], Christenson et al [22], Leventhal [23}, Ber:z [24)

(V2]
«

<
-
.

.

.
L)
I
73
rt
£
o+
P
[0
]
e

11 these eoxide layers by tunnelling, either directly
fronm the ccnduction tand or valence band, or by elastic scattering via
the "fact" recombinaticen states at the conductor-oxide interiace. Tunnel

o
Y

distances from 0-50A «can easily account for the wide distributicn o

rt,
t
b
3
0w

constants. This remains therefore a viable model. Also, it could not

be that all experiments prior to Hooge's bold "bulk hypothesis" (see belew)
which indicated 1 surface mechanism, were wrong. It is possible, however,
that technology nas improved so much over recent years, that, indeed,
presently observed !/f noise 1s due to a basic bulk mechanisnm, wherecas

the surface 1/f no::e has only survived in MOSFETs, which devices are
notorious for high 1/f noise. Hooge, Kleinpénnings and van pemnre, in a

very recent survey article [27], came to the conclusion that in MOSFETs

eieiiiien i




the buli ¢ .d the surfuce type theories can equally well account for the

observed @ ise characteristics. More expreriments in this areaz are needed.

I, The mebility hull rmedel: rhoanon effects, Btooze, in 1969

[

[28], und.rteok a survey of much experimental data on semiconductors and

[

s, Putting aside such experiments as kreophy's dislocation

re,
3

metal
data, he -ound that many of the observed measurements could be fitted by

the empirical law

o
~

£)

— = = (1.7)
1 N

where N was the number of carriers in the entire sample (prov

. - - - - . .
was homog:.ecus) and ¢ 1s a constant of order 2.10 we reier to it as
the ticoge rarameter. He also laid to rest the then prevailing notion that

1/f roise .s often - if not always - caused by pcor internal or external
contacts; -he term cop tact noise had been dubbed for years after the ex-
periments n single carbon contacts by Christenson and Pearson [2Q] showed
large 1/f nc'se (of the form ([.7), however!, see their article). Van Damm
showed [3C] zhat ([.7) "quantitatively" appliced (given perhaps an order

of magnitude lecway for X from the above given value) if the contact was
considered a - a distributed resistance. One must then apply (3.7) to
small layers and integrate taking into account the hemisyherical geometry
of a con tact. We believe that these experiments and computations put for
the first time the bulk hypothesis - vs the older contact and surface
hypotheses - on a Cirm footing. For a hcmisphericql contact van Damme

finds that (2.7, t.ukes the form

o ———— — L ——




51(57 w3

_ - TR (1.8)
1- Snp f

where n is the carrier density, p is the resistivity and R 1is the
rmeasured resistance.

After the bulk hypothesis Hooge, Kleinpenning, and van Darmme

g}

put forth impressive ©vidence that the noise is caused by mobility fluc-
tuations. We discuss this in section Z.

The final step in modern developments invelved two modifications
of the Hooge parameter. First, Hooge and van Damme showed that z decreases

if the mobility is due to other components than the lattice mobility

[317,[32)]. The observed reclation was

S, (f)
1 a' w2

—_ = =, a' = (54 . (1.9)
12 £N p,g

Here p is the observed mobility and u, is the lattice-scattering mobility.
1
This relationship was found for very impure samples, where ¢ (ebserved)

is due to impurity scattering and in very thin samples, where p (cbhserved)

is due to surface scattering. The derivation of (1.9) is straightforward.

Let
1 = 1 + 1 . (1.10)
13 By He

Then, iﬁ Hy has no noise, we find

1 1
or — — .
2 T 5 Su
.é.u.'_z_ = (LL—)‘ _--i—z or §L_3. = (L)" —’é— (1.1:)
B He y B L2 )
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Since, accord:ins to tleore  {for criticism, sce below)

SIS S i,
L 22 and — = ?: (1.13)
1 B )

eq. (1.9) fol.ows,

S

ecendle, Dosnan, Zijlstra, and van Rheenen [33] and later
Kleinpenning {3+4] showed that the looge parameter 1s effected by

hot eleciron cffe¢ts. They found

SI(f) Q" a
L8, e —2——  (Bosman) (1.14)
1~ ' l+(E/E0)~
or
a L . .
T _ (Klcinpenning (1.15)
(I*E/EO)’

Kleinper ing's result is easily explained. For n-type silicon one often

has a re.ation of the form
Ho

where v is the saturation drift velocity for vy T pE 1f E & =,
Assuming that the fluctuations arc due to only the low field mobility Ko
we find

Au0(1+uoﬁ/vs)-(uOE/VS)AuO

A o= - (1.17)
(1+uOE/VS)“

or

A bug
o 01 . (1.18)
H Ho Ltigh/vg

or

)

Sk 1
—

. 7
Ko (l*uob/vs)

nJI

(1.19)

-
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With the same Hooge et 2l state went as berfore (viz. SI/I =S /+7),
H
(1.15) follows. TIhe statement that the fluctuaticns are duc te those in
the low ficld mobility can well be defended. For, computation shows that

the lattice scattering mean free path for hot electrons (see Yamashita
and Watanabe, lcéturc I) is the same as that for thermal electrons {(as
found in Wilson's book).

Since many things now point te fluctuations in the lattice mobility
as cause for 1/f noise, we must now look for mechanisms that lecad to such
1/f noise. So far, the only rcasonable advanced theory is due te Jindal
and van der Ziel [33]. They show that rhonon creation and annihilation
proccsses lecad to a distribution of phonon lifetimes commensurate with 1/f
noise. There is, however, a problem in that for very long relaxation
times very low ﬂ:valuos are necessary. This writer has pointed out to
Jindal that the lowest g-value in the BrHluu(n zone is given by
nw/aN where N is the number of linear atoms and a the lattice constant. '

This spoils the argument of an otherwise attractive theory. -

6. The mobilitv-fluctuation model: auantun 1/f noise . Several

years before the experimental evidence pointed conclusively to mobility
or carrr scattering fluctuations, Handel gave a theory of 1/f noise based
on self interfecrence of the wave packet.of a carrier upon scattering

with an obstacle [36]. A full account of this was published in 1980

(37], and another version of the theory‘based on wave interaction in 1981

[38]. Before we mention the essential tenets of this theory, we must

point out the connection betwecen mobility fluctuations and scattering .

i
|




of individual electrons (or holes). In all the literaturc up to now the
argument was rirst of all that the proportionality with 12 indicates that
1/f noise is duc to resistance fluctuations being there already in equi-
librium; the current merely serves as a probe to measure these flu.tua-
tions (sce section 4). Since R = constant times O, one has undoubtedly

for linear devices

El. ) SR ) Sv ) Sc (1.20)
5 = 5 = 5 =T . .
1° R* v? o?
Now « = eun, A = epln + entu 3 ' (1.21)
if &n = 0 (no number fluctuitions since we are not interested in g-r

noise) the reasoning goes o = eniy, hence
2 2
S/¢” = 8§ = a/fN . .
>/ “/u / (1.22)

This is , however, wrong as was recently shown by van Vliet and

Zijlstra. The point is that differential relationships like: if vy = f(x),
& = (dy/dx) M are.not valid stochastically if f is a.statistical function!
(Relationships of this type have been very often misused in the noise

literature). The correct argument is as follows [39].

Let Vg = <Vi> be the drift velocity of the ith electron in a
volume &V centered on r. Then the 1/f noise source is written as
N(z,t)
H(r,t) = =& gz av,. (t) C (1.23)
~ o~ Ja¥) i=1 .

where N = n(r,t)AV. Since we not consider g-r or diffusion noise,
n(r,t) = n0(£) is constant. However, to all likelihood the elvctrons in V

are scatterd indermendently. Thus from (1.23)

mive
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q‘N(r)

S, (r,r',f) 5
- (V) -

Sy (£) (1.24)

=2v(r)

where S (f) 1is the drift velocity noise cf any electren in the
2v(r)

neighborhood of r. The cross-correlation for different volumes AV
centered on r and r' is zero, since, as we saw, the velocity fluctuaticns
are nost likely uncorrelated. Thus, replacing 1/24V by s(r-r'), we alsc
have

S, (r,r',f *n, (£)5 (£, | (1) (1.25)

T,T = n (r)5(r-r t) . .

:'-H("""' 4 ) q O ~ oA ._—_—AV(E)

Now Hooge's relation, when translated to a noise source of a volunme

AV, reads with H = 995toch.

-
! = T “s -r! £ \ L2
(note that  double integration over dsr d’r’ leads to (1.7)) or alsc
2
S (1,r"f) = aloy (D175 (x-1")/iny (). (1.27)
o ~~ ~ ~
Comparison of (1.25) and (1.20) vields
_ 12,20 12
Syviry ) = allg(D17e g ()18
2
alug(DEND17/E (1.28)
Since v = “Eo’ this gives the mobility fluctuation noise

2
C sAu(r)(f) = aluy(@]7/E. o (1.29)

In the absence of hot electron effects ; does not usually depend on

positions, while also z is then independent of E_; then

0’

2 -
5,6 = awg/t : (1.50)




This is the proper Hooge form for mobility 1/f noise. An extension
b > P
of this derivation was given by van der Ziel and van Vliet [40)}. Notice:
(a) mobility fluctuations are not correlated in space, i.e. S, {(r,r',f)
TR

as used by Kleirpenning is meaningless; (b) the factor N is missing,

since wobility, fluctuzticns rerfer to individual scatterins effects.

It is here that tandel's theory comes in. This is exactly
the model that he censiders. He shows that individual scattering has an

inelastic component due to the excitation of quantum field modes of the

vacuun state involving irfrared divergencies. These excitations oay
involve phonons, photons, electron-hole pairs on the Ferm; surface, nuclear
. spin magnons, or perhaps even largely unknown ''correlated states' as
described by Ngai [41]. We consider Ngai's theory to be a variation of
Handel's.general quantum 1/f noise mechanism. We briefly describe landel's
theory in section 3.

/& we notice, Handel's theory cescribes individual scattering
and leads to the expression (1.30), even though many details (such as -
the role of lattice scattering versus impurity scattering ) still have
to be filled in. Following the inverse route of eqs. (1.23) to (1.30),
we are thus led to Hooge's relation (1.26)-(1.7j.

In closing this section; we.mention that presently there are
three excellent extensive review papers on 1/f noise, viz by van cer Ziel
in Advances in Electron Physics [21], by Dutta and Horn in Review of Modern
Physics [20], and by Hooge, Kleinpenning and van Damme in Repcrts on
Progress in Physics [27]. No serious investigation of 1/f noise can do

without these surveys!




b. Morce on the Experimental Evidence

1. —vialues

Hooge et al [27]) give the following table:

material n0 or p0 a T(k)

from Hall effect

n-InSb 1.6x10M? 1.3x107° 77
1.ox10° 3.4x107° 500
p-InSb 1.2x10%° 7 x107° 77 ;
p-Gads 1.5x10%7 ' 2 x107° 77 '
5 x107° 300
n-GaAs 2.3x10'® 6 x107° 300
p-Gaas 2.3x10°° 3.4x107° 300
n-GaP 2.9x10° 9 x1073 300

Values for clemental semiconductors and metal films were published

before [28].

2. The distinguishability problem

Hooge et al investigated the problem of how to distinguish
between mobility noise and carrier density noise, Suppose a quantity X

depends on p and on N:X = X(w#,N). Then their argument is (op cit p.3500)

oy




il nl
o= (AX/AN) IN - SN (AN/dN) TS, NS 2.
BXy = (dX/dN) 2N S'\\[\O(u\ I ]S 0N (2.1)
el 9
L dX/As) e = S = T Xy 162 5 5
AX, = (VL) o “p [ (X780 )] 782/ 2.2)

Now, not knowing the cause of 1/f noise, it 1s cither

w
~
e
t

]

o/ N (a)

or

wn

~
=
I

a/fN. (b)

*

»

In order to find different results in S;,wc must thus have a quantity X
for which NdX/dN # wdX/da. Obviously, if X is the vonductance 3 = N,
the above inequality is not satisfied. Thus coenductance fluctuation
cannot distinguish between mobility or density fluctuations.

In view of what we said in the last sectien, this argument

is incorrect, since (2.2) doe not hold. However, the conclusion renains

o 2
correct. For X = o (2.1) gives S:\ = o"S‘/N“ while (2.2) now
) 2 s
reads: S0 = (o“/N)S“/p". Instead of (a; and (b) we now have SN/N“ =
" h
a/fN and S“/p.2 = a/f. Thus the same ambiguity occurs: S = Sc .
N H

For quantities other than ¢ the argument needs reexamination,
since a relationship of the form (2.2) does not cxist. In the examples
which follow, the argument should be repcated to avoid the erroncous
cquation (b). We have looked through the examples in some detail. It
appears to us that Kleinpenning would not at all have to resort to eq.(b).
Instead, most of his arguments nced only the true reclation fcﬂ’the current

noise (1.7) or (1.26), or for the conductivity noise, (1.27).

i v V-
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3. Seebeck fluctuations [42]

The thermal voltage in a temperature gradient 2T/L 1is given by

Ven = (epre3T/4T (2.4)
Here ¢, is the "mean conduction level"
N
= s e e s/!_oo e = 2.
& =4y eG(e)de/ s, CG(e)de (2.5)

where G(c)de 1is the conductivity qn(e)x(c)de of electreons in the
*

conduction with energies between c and t+de. We also have

Be, = Jole={5,) 26(2)de/C (2.6)

Now we must interpret (1.27) as a consegquence of fluctuations G(¢)

in individual subbands. ilere the physics comes in. If the noise is

due to rmobility fluctuations, there is delta function correlaticn between
the subbands since carriers scatter independently, as we saw before.

Thus if (1.27) is due to nobility noise, it has a substratum the micro-
scopic source

O 5(e-') . (2.7

S6(e),61") Thie)

Carrier fluctuations give 4n(e)en(e), which when substituted in (2.6)

yields Ss = 0. We now substitute (2.7) into the expression for S_
k “k

* The correction '<Fk> stems from the canonical constraint. Wwe feel this
constraint could beciter have been incorporated into (2.7) by replacing

8(e-c') by 5(c-c')-1/€.




derivable from (2.6). Thus,

r @ oo (—‘]

Sc, =—_::j :O.U [i < A J \ k>] ngey Sle-et)dede!
k £-G
= R S CIONE (
= —5 7, dele-EDTTGE) ] Tne) 2.8)
PSRN U

which is the result used by Kleinpenning. For nurber fluctuations,

,
S =0, but S = (kT)"S./N
ek EF N

thus obtain diZferent results, in particular if we impress an external

for which we may use relatien (a). We

(@ ]

asd

voltage in addition to :T.

4, Other etrects

Kleinpenning alsc showed that different results cccur in the
Hall effect and in the noise of SCL diodes, dercnding as to whether the

o

noise is caused by mobility or number fluctuations. Again a warning

pae
tr
[
5]

order: the arguments should be repeated, without w sing the erro-

neous formula (b).

5. Lattice scattering versus other scattering

The fact that the noise clearly depends on the type of scattering
is in our opinion the strongest argument for mobility fluctuation as the
cause for 1/f noise. The reduction of o for impurity scattering is shown

in Ref. [42]. Both results are due to Hooge and van Damme.




interaction noise, given in o preovicus paper [538] Handel's theory leads
The theory is equally
well applicable to the problem of emissicn of z-particles (see lecture IV)
or £o scattering with lattice vibrations., Ve consider the wave function

for a particle undergoing simall energy losses in scattering in a period T

< A iet/H <
V(L) = ac [140% aeb(e) 5T (5.1)
70
where A is of order ¢. For the mean square amplitude one thus finds
3 A i(e-=")e/Nn -
<|~¢',lz> = |a! (1+;O_O{:,I.(s)bT(s')> e T dede (3.2)

For T -+ e,
"

R ' Glee - -
ex(edbo (e ) = Ib(e)[S(-c). (5.3)
Clearly b(e) is the cresssection for energy losses; in case these
P =P 3
energy losses lead to cmission of (very low energy) photons, we speoak of

bremsstrahlurng. However, the energy losses may involve excitation

w

other than of the photon fields, e.g. in correlated states. For small
2
energy losses fb(:)[“ represents infrared divergencies, and always
cA, . . .

goes as (s/so) {(zA/2). Here cA 1s due to infrared corrections; as a
rule ¢A << 1 and

2 -

[b(e)|° = zA/e. (3.9

For bremsstrahlung

2,....2 s
A = e (fv) - % a. 3; (3.5)
3¢ h t c
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where :f is the finme structure constant (M/1Zyy, L is the veloczty
change and ¢ is the sycoed of light For other rrocesses A Is different
but (3.4) remains correct. sSubstituting (3.4 and (3.3) in (3.2)
we obtaln
' 2 2 . § 7;\ Lo
<‘Lj > = a"{l _6 de —Z) = _Uv”(:) Jde (3.6)

For the analvtic signal S (=) we thus have upen normalization, denoted
cr

a SfeY+zAx - cA PN
S, (e} = 1 = () s 7 (3.7)
¥ l‘:AfE = Tds
0
| |" . . - . N 2
Now let T = |, be the Intensity of the particle wave, then for Suy

we have by the convoluticn theorem i ¢ = hv

w
[ W5
—~
g9
—
n
—
iy
—
-

5(£) + 2

S(£)

1)
=
Lo
(98]

—~
lag}
i
M,y
o
| —
~
w
«
O
—
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where ¢ 1s the unit step function; fO = eo/h is an arbitrarily low
frequency of the experimental set-up; we neglected the quadratic term
which represents noise of noise. The &§(f) term stems from the d.c.

intensity. Thus

A R 1 . -
S,y(f) = 2eAf778(£-£) (3.10)

Since & = .lo «Lu, where AUC is the cross section fluctuation, and iy the
C .
mobility fluctuation resulting from this scattering, we have

- 2—’)
Sy, = Sy /n" = NVE (F>0) .




hlung, A turns out to be wmuch too low since iv/¢  for
electrons is extrenmely small., lHowever, there are other loss mechanisms
for which =A is much larger. The pinpointing of these loss mechanisms

or this theory. However, the form (1.30)

>

(RN

,

remains the largest challen

71

is easily acccunted for by this aprproach. FPresently, Handel and the author
are studying the explicit arplication of these ideas to impurity scattering

e scattering.

(g}

.

and lat

t

d. _Other Basic Questions

1. 1/f noise an equilibrium property?

In 1676 Voss and Clurke performed an extremely interesting
experiment {43]. They neasured the Johnson noise of a resister, over a
large bandwidth, with incomplete averaging, i.e. the averaging time ’
was finite. Then the noise of the resistor is
Sv(o,tJAf = JRTR(t)p(w) AL, (4.1)
They now measured the noise of the noise. If R(t) fluctuates in the

absence of a current rrobe with a 1/f spectrum, the noise of §,.(w,t)

must go as 1/f. This was indeced observed. Beck and Spruit [44]
reported similar uweasurements. We therefore now know that the
current is not driving the 1/f noise, but that it serves only as a probe
to measure the resistance, i.e.mobility fluctuations. Yet, can one say

As,A A A
S AUY s e

cquilibriun phenomenon? Not really, if Handel's
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theory aprlies.  For in that fase the neise is there under qui
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the thermal motion of the carril

of the scattering; the noisc would be there even if only cne cuarrier

underwent collisions. Since quuntun 1/f not

1

e is not an equilibriunm
property, we do not have to look ror the existence of a fluctuuticnzdis-
sipation theorem which will yield 1/7f noise. Such would be the case, how-
ever, if Jindal's theory applies (just as carrier Z-r noise can be

explained by the {luctuation-dissipaticn theorem - van V1iet 193§ [45].

2. 1Is 1/f noise stationarv?

Frst we note that the divergence of the variance at the low
frequency end rezlly does not matter ruch. Hooge et al remarked that
-6, , o . e -
10 "hz corresronds to about lmonth measuring time. But even if one
measured a century, the addition to the variance weuld amcunt to only
205! Dutia and Horn noted that 1/f noise cannot go on to £=0, for then,
according to them, the specific heat contribution

C, = J‘BfSA\.(f)df/f = =, (4.2)

However, the limit 0 is artificial and fer high frequencies there are
always mechanisms to shunt the noise. More important, we will show
in lecture IV that neither the variance, nor the correlation function needs

to exist for 1/f noise. These toncepts are simply meaningless for !/f noise.




RSP

is alwavs defined by S = lim ZT{a*(;')u(Lq)> where a
Torm i H
{Fourier series for truncated time sample);

the statistical Allan variance turns out to be stutic:ary, see

Lecture IV.

3. 1s the }/f noise mechanism nenlinear?

In Handel's theory: ves, because of the radicactive corr;c:ions
due to "feedback" of the infra field to the particle wave ficld. licw-
ever, these correcticns are very small and the deviaticns from Gaussianity
are minute [46]. Brophy [47] and others fcund that the short tire
average of the 1/f noise

ower showed statistical fluctuaticens larzer

<dg

"y

than expected for stationary signazls. On the contrary, Steisiek and

Wolf [48] found the noise to have a stationary Caussian character.

e. Conclusions

Taking all the 1/f data from the discovery of the effect in 1925
up to now, one must first of all notice that there is conflicting evidence
on basic questions such as surface effect or bulk effect, tempcrature
dependence ctc. However, thfs is resolved if one assumes that there
were various types of 1/f noise, such as surface 1/f noise, dislocation
;/f noise, etc., most of which disappeared, however, with improved
technology. The surface idea mainly remains, in conjunction with
Mclkhorter's theory for MOSFETs. The vemaining 1/f noise in present day

solids and devices seems to be caused by bulk fluctuations. There is also

considerable evidence that the bulk conductance fluctuations, being present
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without the passage of current, are due to robility fluctuations. The
rost preominent theories are those due to Jindal and van der Ziel, dealing
with acoustical phonon fluctuations, and due to Handel dezling with quan-

cr the conductance rluctuztions

"+

tun 1/f noise. We presented Hooge's result
in the form of a modified mobility neise, eq.(1.30); this is the basic
equation. Handel's theory goes a long way in explaining such a relation
though nany details require more work. The temperature fluctuation
hypothesis 1is practically laid to rest, except for fluctuations near

the superconducting transition, Mre experiments should be done which have

. a3 . .
a bearing on the current ideas, set forth in this paper.
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EXPERIMENT.AL WORK

I. Gold Thin Films Project (J. Kilmer)

Due to the theoretical possibility of 1/f noise stemming from surface
heat sources [1] and the possible strong temperature dependence of noise
sources in metal thin films [2- 4], an investigation of noise correlation over
a full ambient temperature range is to be performed. We have received from
the National Research & Resource Facility for Submicron Structures at Cornell
under Dr. E. Wolf and R.A. Buhrman, closely spaced configurations of gold thin
film resistors designed by Dr. van Vliet. The configurations, see Figure 1,
consist of 20002; thick gold films deposited on top of a 2002. chromium layer
adhering to a standard silicon substrate. The standard configuration of three
resistors is repeated for varying widths and spacings of .5ym, 1 um, and
2 uym. Each resistor has two 100 um square gold bonding pads and were delivered
unbonded so we could decide how to make electrical contact to them when they
are in the cryostat. The cryostat, to be ordered in June, is the Cryosystems
Model 21 closed-cycle cryogenic refrigerator, capable of maintaining a constant
temperature (as low as 10°K) determined by a thermostat setting. The extra
data needed at 4° K will be obtained by directly submerging the sample in liquid
helium. We have decided to dice the substrate so that a standard group of
three resistors is contained on a single silicon chip. The chip is silver
epoxy glued (for thermal conductivity) to a six-lead TO5 can and the pads are
gold wire bonded to the TQ5 can posts by an ultrasonic bonder. The cryostat
comes equipped with a T05 can cold chamber mount and a six~lead feedthrough.

We need electrical contact to three resistors in the same thermal environment
so that one element can be biased as a "heater" and the correlation between
the responses in the other two "sensors" can be observed. The so-called

"three-element experiment" is described in Joyce Kilmer's master's thesis [5]
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for case of thermally coupled transistors. Once the characteristics of the
resistors' thermal coupling are determined, the 1/f noise will be measured
using the low-noise amplifier designed by Robert Schmidt and the HP3582A

FFT spectrum analyzer. The Hooge parameter will be checked to see if it is
inversely proportional to the volume (or width in thin films) for a bulk
effect. Finally, the correlation of the resistor 1/f noise spectra will be
measured at cryogenic temperatures. Presently, the linear V/I characteristics
of a resistor have been confirmed over a few decades of current in the

Cornell devices, and the 1/f noise is being measured at room temperature.
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II. Presence of Mobilitv-Fluctuation 1/f Noise Identified in

Silicon P+NP Transistors (J. Kilmer, A. van der Ziel, and G. Bosman)

a. Abstract ‘e
The magnitude and location of mobility-fluctuation 1/f noise sources
have been identified by means of biasing a PNP transistor in a common emitter

configuration with first a high and then a low source resistance. Comparison

of the two noise spectra at the same base currents chows the low source

resistor bias isolates the collector noise sources, and the high source
resistance isolates base noise sources. The magnitude of the observed collector
1/f noise gives an a ~ 2 X ].0"6 from Kleinpenning's mobility-fluctuation

theory. The base 1/f noise gives an & = 10—7 due to an impurity mobility

reduction factor of about 100. ‘1

b. Introduction

To date, three causes regarding the origin of 1/f noise in transistors
prevail.

1) Fluctuating occupancy of electrons in oxide surface traps (or dis-
locations) in the base or emitter space-charge region modulates the (surface)
recombination velocity. 1/f noise due to fluctuating recombination velocity
is represented as a recombination current IR flowing from emitter to base [1].

2) Mobility fluctuations due to holes interacting with phonons cause

1/f noise in the hole current 1Ep diffusing from the emitter to the collector. |
3) Mobility fluctuations due to the electron current IEn injected from j
the base into the emitter may also cause 1/f noise. o
1/f noise due to a fluctuating series base resistance I, we do not con- N
sider since IB is small in a high B transistor. The three possible causes

are represented as current sources GIR, §I_ , and GIEP in an equivalent circuit

En
for a PNP transistor first drawn by Plumb and Chenette [2] and later modified
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by van der Ziel (see Figure 2). Here we combine the two base current sources

into an equivalent base 1/f noise source, i b? where 1 = —SIR-GI and

b En

= —SIEP.

In older transistors the predominant 1/f noise source was the recombina-

£

rename the collector current source, ifc’ where ifc
tion current because those devices had large surface recombination velocities.
The purpose of our present investigation is to determine whether 1/f noise
due to mobility fluctuations, as presented first by Hooge [3] and recently by
Kleinpenning [4), is present in contemporary devices with small surface
recombination velocities.

Van der Ziel's appendixed derivation [5] of Kleinpenning's expression for
the noise spectrum due to mobility fluctuations of emitter-collector hole

. . . + .
diffusion in P NP transistors shows,

a
P(0)
S, (f) = 2q1_ —=2 zn[ - (1)
IEp Ep Afrdp P(nB)
where ap is the Hooge parameter associated with hole current, po = wBZ/ZDp
is the diffusion time for holes through the base region, Vo the base width

and P(0) and P(wB) are the hole concentrations for unit length at the emitter
side ard the collector side of the base, respectively. We see the magnitude

of SI is inversely proportional to po, which means that SI is propor-

Ep Ep
tional to fT since

S
fT T 2nt * (2)
dp .

Therefore, the hole mobility fluctuation 1/f noise source is larger in
transistors with a large fT (e.g., microwave transistors).
Also for electron injection from base to emitter, we have, due to

mobility fluctuations [5,eq.(4)],

- . —ne ——
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a
N(D)
S, (f) = 2qI__ > gn { . ] (3)
IEn En Aden k(uE)
where Tdn = wEZ/ZDn, wE the width of the emitter region, Dn the electron

diffusion constant in the emitter region, whereas N(0) and N(wE) are the
electron concentrations for unit length at the base side of the emitte.

and at the emitter contact, respectively.

c. Experiment to discriminate between the main noise sources

In the Plumb-Chenette [2] experiment, we can discriminate between ifb
and 1 c by placing the transistor in a common-base configuration and monitor-
ing the emitter-base noise. The disadvantage of this approach is that the

emitter-base noise requires preamplification making this a '"less-clean"

experiment, since the input impedance of the preamplifier is in parallel with the

most sensitive part of the equivalent noise circuit.

A "cleaner" way to observe the base noise is by employing the natural
amplification of the device and measuring collector noise. With the transis-
tor in a common-emitter configuration, the noise at the collector will be an
amplified version of the base noise provided we limit the collector current
to a few milliamps so that the collector shot-noise level lies below the
amplified base shot-noise level. Redrawing Figure 2 into a common-emitter
coﬁfiguration and squaring the noise sources so they represent spectral con-
tributors (see Figure 3), we see (RS + rb) is now in parallel to the input
(base) equivalent circuit of the transistor. ‘Also in Figure 3, the collector
noise current sources have been referred to the input equivalent circuit as
noise voltages sources by multiplying by 1/gm = rw/s (valid if r >> rb)-

An HP3582A FFT spectrum analyzer measures the spectral density of the

collector noise, M2/Af. Calculations from Figure 3 reveal

e
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we use that r_>> r, and Z2>> 1, then equation (4) can be rewritten

b

so that we obtain

~ r
M2 5 r. ' T (2r + +Sifc S 2
2 M| R v+t 2kT(2ry +1/¢g ) > T PimTb
s b i g
m
+R Lokt +2 -2 T 405w | 42 21‘T+h+s (5)
“ “Tifb’b s r_ g2 ifb '
o] T

We see that there are three regions to the magnitude of the measured noise

versus RS-—an independent, a linear, ond a quadratic regime.

Ideally, the mobility-fluctuation 1/f noise measurements should be

made on microwave transistors biased with low currents for both high and

low Rs. Unfortunately, microwave transistors usually do not have a high DC f.

So the exrcriment was performed on low-noise PNP transistors (GE 82 185)
with 8 =~ 350 typically. A simple biasing scheme was used for the high RS
experiment (see Figure 4) and the noise was measured for three different

IB'S. From equation (5) and for the case of high RS, we see that

we measure With the spectrum analyzer,

M 2 S
_HI _ p2p 2 _ifc
s - PR [zeIB St 22 ] ’ (6)

where we have neglected the small r_ and r compared to a high Rs and the

b

terms independent of and proportional with Rs. The measured high RS noise

[ SO PO O —
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spectra, Hri‘/;f, is now scaled down by 1/:'RL s¢ that the noise plotted
1

in Fiwzure 5 (curves IV, V, VI) represcats the absolute mapnitude of the

phvsical noise sources {(in amp® sec¢) relferred back to the (tase) input,
IS q

_ ‘HI 1 ifc

ER L SR B ifh

. r

1l
12
In
+—
S
N
+

™
—

S

7

m
[

The high f{requency rcll-off, which each of the plots indicates, is attri-
buted to the Miller effect of the capacitance CT in the equivalent circuit

(see Figure 3) where .

C.=2¢C + cbco(1+-[Av{) . (8)

Since IB is small, r_ is large, and the fm = l/CTr~, Miller cut-off fre-

quency, is low ~ 2KHz. Shot noisc, low-pass filtered across the psrallel
combination of r_ and CT’ gives at sufficiently high frequencies,

2el
G ®
s 1+ w‘CThrﬂ‘

the obserw-od 1/f“ roll-off.
To bias the transistor with a low RS, the volrtage divider circuit

shown in Figure ¢ was used. In this situation we neglect the terms in

eq. (5), which are proportional with RS and R: . Using gy = B/'r_n and neglect-
ing RS and rb with respect to r ., we see that wz can plot (again in amp: sec).
M 2 1 , o
= —_— = + 4k S et
sLRS X RLZ eI + 4kTryg © + S, + S, o7 o (10)

This was done in Figure 5 (Curves I, II, III) at the same three IB's used
in the high RS experiment in order that the high and low Rq spectra can be

quantitatively compared.




It should be noted that eq. (10) is oaly vulid for Rs‘<< Ty In
practice, however, Rs was of the same order of wmagnitude as r, at low

IE (R, = 57). As a consequence, the thermal noise generated by RS cannot

be negzlected and has to be incorporated in eq. (10). The expressien for

= 2o 4 4% + 2 + + 2 42 .
S \_IC -or\T(rb Rs)gm SlfC Slfbrb gm (ll)
The observed white noise levels of the low RS spectra were extrapo-
lated by subtracting out the 1/f component and were found to lie above the

shot-noise levels. We note from equation (11) that there are two contribu-

C

The difference between the observed white-noise level,

tors to the observed white-noise level, that due to I, and that due to (rb+-Rs).

(SLR )w, and the
s
collector shot noise (ZeIC) is attributed to (rb-+Rs). Therefore, we have a

way to calculate 28 since

2
3 2¢ = 4K +
(SLR ) _LIC 4 T(rb R)gm s
SIW
kT
Ty = [ (SLR } - 2eIC] 5 " RS. (12)

siy (2el))

C

The calculated values of r, are indicated in the data tabls below. We notice

b

tihat the base resistance decreases with increasing emitter current as it should

for increasing injection, see van Vliet and Min [9] (the dependence is

roughly as 1./IE; see also Spenke [10)).
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Table of Data Obtained

Low R LCat Eigh R LData
S - S
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¢
]
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2l
§2

Curve I
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k¢ s)
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o
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~
”
—
o
|
(o2
<
]
1
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II 1.3mA 420

IIT |35052a [413 ] 202 |1.86 x 10°© VI 1.20A {307 | 9.2 x 10-8

To calculate the magnitudes of S, and S,_., we look only at
ifc ifb ‘

the 1/f portion of our spectra (i.e., at f < 100 Kz) where we are above

the shot-noise level and can write, at low f,

= 2 2
SLRS Siep(rp 8y ) * Sy o 13
and
Sifc
Ser T Siep YT, - (14)
s 3]

Having two equations involving the two unknowns Sifc and S,,. , we solve

ifb

for S, and find
ifc

2
1
SR [rbg ] = Sur
_ S m S (15)

S, =
ifc 1 1

Now from inspection of Figure 5, we see SHR <<'s

2
2
=—8?~l’
To8m b

LRS at 1Hz, and since

— . - ' santbin i“
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wo can neglect 1/:7 and (15) simplifies to

S =S, . (16)

Solving S, ., we find
ith

LRS
S.., =38 - —. : 17
ith  THR o (an
From our duta, S, & 1w a factor of ten less than SHR at 1Hz, and we
J...S s
se¢ Thie oo : oo lon easentially isolates S, .
- - ifb
¢+ have been identified, we must apply
the = 7t o0 e s T or st tien theory equations (1) and (2) to
ConLlale i = e Tt 2o pararoter a.  Since the low
Rs Crperitent isclated o tlevtor noise, we have
S =S ~ S . (18)
R '.fx‘, I..
L s i Ep

Solving for up and using equation 2, we have

SLRSf
ay = . (19)

- P(0)

To estimate the ratio P(O)/P(wB) according to Kleinpenning [5, eq. (A7)],

we have the inequality
P(0)/P(w) < wvs/Dp (20)

where Ve is the saturated drift velocity. Using this permits us to calculate
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a ninimum value for «w. Further, we know
./ D
w = Y2 (21)

For our silicon PNP with fT = 200 Mz, wp = 1.35 um. Using vs'z 107 cms‘_l,

v

we calculate Ln[P(O)/P(wB)] < 4.75. This value, used in eq. (19), gives the

minimum values of ap tabulated in the data table for SLR evaluated at 1.Hz.
s

Values of ap o~ 10-6 are small but typical of silicon at room temperature

according to Bosman et al. [6, Fig.5].

For the case of base 1/f noise, we have
S,. =S.. =S8 , (22)

HRS ifb IEn

and using the base to emitrer expression (3) we have, for e s

SHR £ ZTdn
a = = , (23)
1 N(0)
LA N(w)
E
since I = 1_in a P+NP transistor. We saw for the case of holes the 1ln

En B

term in the denominator did not significantly affect the order of magnitude

of a, and we expect a similar case for electrons. We take En[N(O)/N(wE)]S.S.
since we expect the ratio of electrons in the enmitter to be a few orders of
magnitude greater than the ratio of holes in the base duc to the high recom-
bination of electrons in the heavily doped emitter. Using this and the approxi-
mation that Tdn::po suggested by van der Ziel [5]}, we calculated the minimum
values of o which are tabulated in the taSle for SHRS evaluated at 1 Hz. Here
we see the values of an are one or two orders of magnitude lower than ap, which

at first glance seems to imply that recombination current fluctuctions, Cause 1,

+
still account for base 1/f noise. However, we realize that we have a P NP
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device where the emitter is heavily doped and our observed a is diminished
by an impurity mobility reduction factor. We have, according to Hooge et al.

[7, eq.(8.10)],

2
M, =
imp
o= |- «“ o (24)
observed [”latt] true

From the study by Jacoboni et al. [8,Fig.5), we see, for an impurity concen-

. . 1418 -3 s ' ~ o
tration =~ 7 X 10" "cm 7, the ratio of Limp/ulatt ~ 1/10. VUsing eq. (24), we

. . -5 "
obtain a minimum value of =~ 10 for (a ) true.
n
. -5 -3
Bosman et al. report a values ranging between 10 and 10 for electrons
in n-type silicon. Hence we conclude that the 1/f noise in the base of tran-

sistors can also be attributed to a mobility-fluctuation mechanism, similar to

the one causing the collector 1/f noise.
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III. High Frequencv Amplifier and Noise Diode (J. Andrian)

a. Amplifier

We need a standard noise source and high-frequency amplifier to per-
form noise measurements in the high-frequency range. We can have that by
using 5 dual gate amplifiers in parallel with a common source as output,
see Fig. 7.

We give one stage in Fig. 8a. This configuration has a very good
performance at high frequencies.

The output stage is necessary to match impedance, see Fig. 8b.

b. Standard noise source

The idea is to have a flexible noise source using a noise diode (5722).

The circuit used to build that noise source is given in Fig. 9.

IV. 1/f Fluctuations in Radioactive Decav Rate (Jeng Gong)

The block diagram of the counting system being used to investigate

1/f fluctuations in a-particle emission rate is shown in Figure 10. The

source is Am241, which decays with a half-life of Tl/

95
emission of 5.48 MeV a-particles into 93Np237. The detector, a silicon surface

2==458 vears with the
barrier detector, is reverse-biased at 80 volts, and the dead time of the
Analog to Digital Convertor and Multi-Channel Analyzer are 6 n-seconds and
6 uy-seconds respectively. Therefore, no dead-time correction is necessary,
as long as the counting rate is kept lower than 1000 counts per second (or
the averaged time elapse between two counts is higher than 1000 u-seconds).
Based on van Vliet and Handel's Allan-variance transform theory (see

section C), the Allan variance, for Poissonian shot noise with spec-

cA?.
My’

trum Sm(w)==2mo , equals moT. Where my is the average counting rate in the
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time interval (t, t+7T), and moT is the averaged total counts for a time
interval T. For 1/f noise with a spectrum of Sm(u) = ZnC/}u!,the Allan
variance is 2CT?1n2.

For suppose that the radioactive decay is composed of white noise,

i.e., 0?2 = moT + 2CT21n2; recall that <:MT> =an, then a measurement of

it

R(T) = 0A2/<bir>2 yields R(T) = 1/m T + 2C'1n2, where C' = C/m? is a con-
MT [0} o]

stant in the order of 10_6. For short time intervals the term l/moT is
dominant; hence R(T) is proportional to 1/T. When T is long enough,
2C'1n2 becomes dominant; R(T) is, therefore, a constant.

The measured R(T) versus 1/T is shown in Figure 11. It shows clearly
that for T small R(T) is proportional to 1/T, for T large R(T) becomes
independent of T. The 200-minute measurement, R(200), is 53% higher than
Poissonian noise, which indicates that 1/f noise becomes comparable to shot
noise at this frequency (1/200 minutes = 8,3 x 10-4 Hz). A measurement of
R(400) gives a value very close to that of R(200)'s, which is strong evidence
that 1/f fluctuations do exist in a-particle emission rate, since we expect
R(T) to be a constant for 1/f noise, when T is long enough.

The points in Figure 11 don't fall on the line very well; this is due
to small sampling size (only seven sets of data were acquired for 400-minute
measurements). In order to determine the minimum number of intervals needed
for an accurate measurement, we then plot R(T) versus the number of intervals,
N, for different T's. These figures show that when N is small, R(T) is spread
over a wide range; when N is increased, R(T) is converged, and finally reaches
a stable value. o

For example: Figure 12 shows that for T =100 minutes, 21 sets of
measurement give R(T) = (7.09 = 3.94) x 10-7; for N=24, R(T) = (7.23%2.14)

% 10-7; for N=27, R(T) = (7.13+1.85) x 1077, Here R(T) is given in the
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form of (mean value * standard deviation). From Figure 13 we know that for
T=1 minute at least 70 sets of measurements are necessary for a reliable
value of R(T). Figure l4 shows that for T =3 minutes we need N > 50.

According to the above analysis, we then measured R(T) several times,
with sufficient number of intervals contained in each measurement. The
averaged values of R(T) are shown in Figure 15, which is much more reliable
than the results shown in Figure 11. From Figure 15 we see that 400 minutes
is still not long enough to obtain a constant R(T); longer time measurements
are necessary.

In Figure 16 we show the comparison of Allan variance and normally

defined variance,
N
2 o _1 - 2
o2 = g3 igl(Mi <M>),

from which we see that for T small oﬁz is proportional to T, for T large it
T

shows the tendency of T2, The normal variance shows similar behavior; how-

ever, it does not behave so well as the Allan variance does. Hence the

Allan variance is the better tool to investigate 1/f fluctuations in count-

ing experiments.

1.
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R + +
V. Noise in Near-Ballisticn nn and n pn

Gallium Arsenide Submicron Diodes

(R.R. Schmidt, G. Bosman, C.M. van Vliet; L.F. Eastman
and M. Hollis, Cormnell University, Ithaca, N.Y.)

a. Abstract

D.c. characteristics and noise measurements In the range 1lhz - 25 khz

are reported for n+nn+ and n+pn+ necar-ballistic devices, with n regions

(p regions) of 0.4 um (0.45um), fabricated by molecular beam cpitaxy at

Cornell. The n+nn+ mesa structures show very low 1/f noise, indlcating a !
Hooge parameter ay = 2 x 10_8. This very low noise 1is attributed to the

near absence of phonon collisions. The thermal (-1like) noise above lkhz is ;
equal to Nyquist noise at the lowest currents, rising to slightly above Nyquist L
noise for high currents, indicating the presence of carrier drag cffects. The
n+pn+ noise, on the contrary, is quite high. It scems to be associated with
the current which is present below punch-through. The spectral shape indi-

cates a diffusion origin. The importance of noise measurcments for dis-

criminating between the various existing d.c. current trcatments 1s discussed,

b. Introduction }
Submicron gallium arsenide structures are of great current interest,

since they permit ballistic or near-ballistic electron flow, which in turn

leads to carrier velocities that far exceed the saturation velocity in colli-

sion-dominated conduction, thus enabling the design of picosecond switching

devices and other novel applications. The fabrication of submicron devices

has been made possible by modern MBE techniques, electron lithography, etc.

For GaAs near-ballistic behavior requires that the distance to be traveled

by the injected electrons is less than or of the order of 0.7 um. Eastman

1) Y

et al. report™’ that the mean free path for phonon emission into optical

polar modes at room temperature is 0.l um for electrons of 0.05eV, and




0.2um for electrons of 0.5eV. Phonon absorption has a longer mean free
path and can be neglected for the devices reported here, having thicknesses
- , . . +  + . , .
of 0.4 um (thickness of n layer in n nn devices) and 0.45um (thickness of
. +  + . . , .
p layer in n pn devices). At higher electron energy intervalley scattering
becores important, thus limiting the near-ballistic range to about 0.5eV
of electron energy. In a sample of 0.4 um thickness about two phonon
emissions may occur. These involve, however, small angle deflections only
(5°-10°) and have little effect on the d.c. carrier characteristics, accord-
ing to Ref. 1.
The theory for "pure" ballistic behavior (no collisions suffered what-
soever) was developed by Shur and Eastman in 1979 in a basic paper on this
. 2) —_ ' . .
topic™’. They solve Poisson's equation, allowing for space charge of both
fixed ionized donors (or acceptors) and injected carriers. Employing boundary
conditions which neglect the initial thermal energy of the electrons injected
+ i
from the n into the n layer (or p layer after punch-through), they find the

solid state analog of Child's law in vacuum tubes. For sufficiently small

)

voltages there is a domain in which the current I goes as V?; when the
injected space charge exceeds the fixed charge due to the ionized donors

C oy 3/2
or acceptors, the characteristic changes, however, to the familiar V form.
In Ref. 1 measurements are presented which fairly well support these pre-
dictions, providing the nonparabolicity of the bands and the onset of inter-
valley scattering at higher voltages are taken into account. In a later

3) 4)

theory, Shur™" and Shur and Eastman

extended the theory to that for "near-
ballistic" devices, in which few collisions can occur. Since the Boltzmann

equation would be inappropriate for that regime, the collisions are taken

into account by adding momentum and energy ''drag terms" to the otherwise
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ballistic equations of motion. 1In this way, the transition from Child's law
(1>, where t is the collision time) to the Mott and Gurney law, I «V?
(finite 1) is covered- by this approach.

Two modifications have been proposed by others, which may have a

5)

bearing on the present paper, First, Rosenberg, Yoffa and Nathan discuss
the effects of "spillover" of carriers at the atn high-low junction. This
means, in essence, that the boundary conditions must be changed to account
for the depletion of n+ regions and spillover into the adjacent Debye lengths.
As a result, the effective width of the n region is smaller ~nd the current

6)

is higher than that computed in Ref. 2. Secondly, Cook and Jeffrey ’ have
indicated that the energy or velocity distribution of the electrons cannot

be neglected. The velocity dispersion is accounted for by the introduction

of an electron temperature gradient term in the momentum balance equation

(op cit eq. (8)). Though they argue that this leads to the occurrence of a
potential minimum somewhere beyond the "cathode'-~rather than ;t the cathode—-

similar to Langmuir's treatment of vacuum diodes, we have great reservations

about their treatment, as we discuss in section 5. Undoubtedly, however,

the inclusion of the velocity dispersion is essential, if not for the d.c.
characteristic, yet certainly for the velocity-fluctuation noise.

In this paper we will describe both low-frequency and high-frequency
noise measurements on near-ballistic devices. These measurements are pre-~
liminary, in that a full-scale investigation, involving a variation of dimen-~
sions, temperature, and magnetic field, is sfill underway. However, definite
results at room temperature for n+nn+ and'n+pn+ devices of 0.4um and 0.45 um,
respectively, will be reported. Such measurements serve a threefold purpose.
First, from a practical point of view, noise data reveal the practical per-

formance limitations of the novel high-speed devices. As we will indicate--
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the noise of the n+nn+ devices is extremely low; the n+pn+ devices, however,
fare much worse. Secondly, noise measurements at audio and subaudio fre-
quencies shed much light on the 1/f noise problem. According to most recent
theories, such noise is thought to be caused by mobility fluctuations

7 and van der ZielS). If collisions in the near-

(see, e.g., Hooge et al.

ballistic regime are rare, one expects the 1/f noise to be very low and

ultimately, in "pure" ballistic devices, to be absent. Our preliminary work

.+ + . e . :

in n nn devices indicates that this could be correct. Third, and not least,

we believe that the high-frequency noise (thermal, velocity-fluctuation, or

diffusion noise) will shed much light on the mode of operation of near-ballistic

devices. To date, no full-fledged theory for such noise exists; we only have
. . . 910y ..

some preliminary computations by van der Ziel and Bosman . ilowever, once

this noise is understood, we will have a powerful means of substantiating or

amending the various theories mentioned in this introduction. We come back to

this in the discussion of the results, section f.

c. Experimental ‘

The near-ballistic diode (NBD) is a sandwiched mesa structure of five

+
lightly doped p or n layers, alternating with heavily doped n layers, see

Fig. 17. The doping densities of the various regions are 1018cm-3 for the

n+ regions, approximately 2 x 10]'Scm_3 for the n regions and approximately

14 -3

6 x 107 cm for the p regions. The diameter of the mesas is 100 um. The

devices were manufactured by molecular beam epitaxy at the Cornell University
Submicron Research Facility. The mesas were provided with very low ohmic
. e s + +
Au-Ge contacts., A low-frequency equivalent circuit of the n nn device is
given in Fig. 18, The main element (n regions) has a resistance of order
+ + .
0.75Q. For the n pn devices the p layers gave a resistance of order 90Q

at 1mA; the parasitic resistances in this case were negligible.
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The characteristics of the two types of devices are quite different.

The noise measurement of the n NBD's, in particular, was a challenge. To do
this we used the setup shown in Fig. 19. A Hewlett Packard 3582 spectrum
analyzer, featuring a dual channel fast Fourier transform method, was emploved.
By measuring the coherence (square of the correlation) between the two chan-
nels, noise levels significantly below the noise level of the preamplifier
could be detected. For the preamplifiers we used five common emitter transis-
tors GE82 in parallel. This resulted in a 7§ noise resistance for fre-
quencies above 20 hz. The equivalent noise resistance of the cross-correlation
setup is not known at this moment, but is believed to be a few tenths of an
ohm, thus enabling us to measure the thermal noise of the 0.753 devices.

The d.c. I-V characteristic of an n-type device is shown in Fig. 20 1In
contrast to the device reported in Ref. 1, there is no clear V region; how-
ever, the slope seems to be less than one for very low currents. As in Ref, I,

3/2 C o . . .
the V region is never reached for reasons indicated in the introduction.
In the range of interest for the noise measurements, the characteristic was

essentially linear with Rx = 0.758 . This is also confirmed by the a.c.

resistance measurements in Fig. 21.

The d.c. 1I-V characteristic of a p-type device is shown in Fig. 22.
The device is linear up to a current level of lmA, corresponding to about
Rx = 90Q. The slope then increases to a value of about 3 in the 10 to
100 mA range. Finally, at very high currents the slope becomes less, perhaps

approaching three~halves and the slope falls off. The a.c. resistances are

again flat for all measured frequencies (up to 25 khz).

. + + R
d. Noise of n nn device

The magnitude of the noise current spectrum for four different currents,

in the frequency range 1l hz - 25 khz, is shown in Fig. 23. Thermal levels and

o ——




%

>

excess 1/f noise are seen, To determine the thermal (-~like) noise levels, the

1/f components are subtracted. The results are shown in Fig. 24 The levels

o — a0 o8 A p—

are averaged over the frequencies for which there is a plateau (1 khz ~ 25 khz;
the 75 m\ curve may, however, show some g-r noise from 1 khz - 7 khz; the
thermal-like noise occurs for 7 khz and higher). The ratio of these averages
to 4 kT/0.75 in plotted versus bias current in Fig. 25. We note that there is
an indication that the noise exceeds the true thermal noise 4 kT/Rx at the
higher bias currents.

The 1/f slope of the noise for the higher current levels is clearly
seen, and straight-line approximations are made to the data. The values so
obtained at 10 hz are plotted versus bias currcnt‘in Fig. 26. We note that

the expected behavior for 1/f noise, SIG 12 is well satisfied.

.. + + .
€. MNoisec of n pn device

The noise current spectrum versus frequency for several bias currents
+ - 4+ . . . . .
of an n'p n device is shown in Fig. 27. The excess low frequency noise of
this device is orders of magnitude larger than for the n-type device.
Another notable feature is the frequency dependence, which shows a slope of

-0.7 -0. . '
f to f 0 8. Extrapolating to the corner frequency above which thermal

noise dominates gives a value of over 100 Mhz for even the lowest (100 ud)
bias current.

The dependence of the noise current at 100hz on bias current is dis-
played in Fig. 28, There is an Ii dependence up to about l1mA. At higher

currents the noise increases less fast.

. +
f. Discussion of n nr. results

The I-V characteristic is not very pronounced in its deviation from

strict linearity, yet it may represent near-ballistic behaviorl).




1. L ‘ l__ noise
In 1969 Hooge developed the following empirical formula for 1/f¢

noise:
S, (D)/T0 = a /i .
I( )/ T JH/N (5.1)

vhere f is the frequency, N the total number of carriers in the sample con-

tributing to the noise, and “y is Hooge's parameter. Initially, . was
1

-3 .
thought to be a constant, of order 2 x 10 ~. Later on, it was found that

material variations for a, do occur, whereas, in addition, ay decreases as

5
(u/ui) if impurity scattering dominates over lattice scattering (;L);

1)

. 1
Bosman, Zijlstra, and van Rheenen also found that ay decreases due to

carrier heating. In a nonhomogeneous sample in which the carrier density is
a function of position, n(x), such as occurs in our mesas due to spillover
(section 1) and injection, eq. (5.1) must be modified. Tt is easily shown
12)

(van der Ziel and van Vliet ) that in that case (5.1) is to be replaced by

S I(f)/x2 = (a /f\L7m)f (\) (ballistic case) (5.2)

where m is the number of n layers in series, L the width of one n layer, and
A the cross section. Whereas the detailed profile n(x) is complex, we see

from Ref. 2, Fig. 3, that for most of the layer n(x) =~ (0.7 n ,where n is the

0,
doping density. With this estimate we obtain for a, from Fig. 26,
ay = 2.2 x 10_8. If, on the other hand, the diode is not ballistic but

collision limited, we proved in Ref. 12,

2 - ‘ 2 - .. g
S I(f)/I aH(9pr)/Ltot f (collision limited) (5.3)
where Ltot = mL is the total width of the n layers and Rx is the total

P
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I

!

obswrved resistance, while p is the lattice mobility. Taking for the latter '
- -8 !

8,500 ¢m /V sec, we obtain: a, = 6.2 x 10 , L

H
While the value of ay for bulk GaAs is not known at present, we may
surmise that it is of the same order as for other semiconductors in which

. . . -5 . .
lattice scattering dominates, say 10 7. Thus, whatever model is used, the

above values for @, are extrenmelv low, thus confirming that collisions are

mainly absent in this device. Morcover, if Handel's theory of 1/f neise is
. ,13) . ( . . .
valid , very low noisc can be expected {rom thouse collisions which still
occur, involving polar phonon emission, As we noticed, the deflection angle
8 for such processes is very small, whereas in Handel's theory of quantum 1/f
. . o1 o) .
noise, the magnitude goes as sin: > 8., Measurements on 0.24y devices are
in the planning stage. It is hoped that for these devices Ty shows a con-

tinued decrease. So far, the results arc the best confirmation vet that 1/f

noise is caused by lattice phonon collisions.

2. Thermal noise
The designation "thermal noise" is used here for the thermal-like
noise observed at high frequencies. In a collision-limited device this noise '
is due to the diffusion-noise source, which by Einstein's relation transforms
to a thermal-noise source for cold electrons. In the space-charge limited
injection operation (Mott Gurney law), the noise becomes then SI{I/RX,

see 10)1A).

In a "pure'" ballistic device, on the other hand, this noise is
due to shot noise. However, the vacuum case shows that the noise is dis-
tinctly governed by the velocity distribution of the omitted particles.
Thus, a treatment as the éhild's law analog of Ref. 2 will not suffice to
obtain the noise; the latter must be patterned after Langmuir's derivation
of the d.c. characteristic; see in particular the noise treatment by

15) and Schottky and Spenkel6). Lacking a detailed theory,

9)

D.0. North

van der Ziel and Bosman indicated, nevertheless, that subthermal noise,

. ’ Y l\‘
e ——




OLRT/RX with ¢ <1, can be expected. This is not corroborated by the resul:is
of Fig. 25. While it is very unlikely that the collision~limited case applies--
in view of the low 1/f noise reported above--it is likely that carrier drag
effoects, such as considered in Refs. 3, 4, and 6, take place. These effects
should be cousidcrcd; bv considering a Langevin equation patterned after the

3)4)

momentum and energy balance equations of Shur and Eastman , but with veloccity
dispersion at x = 0. The approach of Cook and Frey, on the other hand, which
includes collective velocity dispersion effects in the momentum balance

equation of a single electron, seems highly inappropriate; noise theory in
vacuun tubes tells us that, in the space-charge suppressed ballistic case,

the carriers in different velocity groups fluctuate independently. For the
near-ballistic regime with corner drag effects, the same independence can be
expected. Thus, as stated in the introduction, the development of a complete
noise theory for near-ballistic devices may aid considerably in discriminat-

ing between the various existing approaches employed for the d.c. behavior.

. . + +
g. Discussion of n pn

These devices showed large excess noise. The noise is not very close
to 1/f£. 1f, nevertheless, we apply Hooge's formula, at 10hz and 100 uA, we

obtain aH ~ 3 x 10—3.

For V > 200mV, the I-V characteristic of Fig. 22 is in reasonable
agreement with the theoretical predictions and previously reported tesultl).
The current below the punch-through voltage (=~150mV) is not well under-
stood, .

It is significant to note, however, that the character of the noise,
in particular its spectral shape, does not change when we pass the punch-

through voltage, see Fig. 27; only, above the punch-through voltage, the

noise magnitude starts to decline, going no longer as I2, see Fig. 12. This

o~ —

e — s——
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can be explained if the current above punch-through is composed of two parts,
I (punch-through) and I (normal). Extrapclating the data below 150mV to higher
voltages (see dashed line in Fig. 22), we can replot the noise versus I (punch-
through) rather than versus the total current. Thus, if the abscissa in
Fig. 28 is interpreted as 1 (punch-through) only, all points (see the *) fall
now on the line for iz (punch-through).

Altogether, it seems to us highly doubtful that the low-frequency
noise is mobility-fluctuation 1/f noise of the Hooge type. Rather, it secems
that the spectra represent a one-dimensional diffusion process (for low fre-
quencies such a process goes as f~0'5)17). If the diffusion is due to ambipolar
hole-electron motion in the floating base of the n+pn+ device, the effect
should be determined by Dp (R%%E) in this case, since the electrons are
near-ballistic. The turnover frequency = Dp/ZnL2 lies at 109hz. It is
thus reasonable that for audio frequencies, with the effect rising as u_0°5
or steeper, there is a large low-frequency tail. Whatever the cause of the
effect, it seems to be associated with the presence of current (diffusion
current?) below punch-through. We finally remark that similar-type spectra,
going slower than 1/f, were observed in 6 um p+np+ punch-through diodes by

van de Roerls).

h. Conclusions

Near-ballistic n+nn+ devices exhibit extremely low 1/f noise, with a
Hooge parameter of 2 x 10-8. This indicates that the 1/f noise is probably
caused by lattice scattering (possibly due to polar optical phonon emission),
which is rare in the near-ballistic regimé. The thermal noise of these
devices is slightly higher than Nyquist noise for the highest current
levels observed. It indicates a near-ballistic origin, affected by
carrier drag effects and by the velocity dispersion of the injected

carriers.

e — - = So—
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Near-ballistic n+pn+ devices exhibit very large low-frequency excess
noise, probably of a diffusion origin. The noise seems to be associated with
the current denoted as I (punch-through), which is present below the punch-
through voltage. The noise rises as I? (punch-through), the latter being also
extrapolated from Fig. 27 above the punch-through voltage. Thermal noise for
these devices, requiring measurements above 100 Mhz, have not yet been carried
out.

Similar measurements on n+rm+ diodes are being reported by Peczalski,

van der Ziel, and Hollislg).
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THEORY DEVELOPED UNDER THE GRANT

I. Proposed Discrimination between 1/f Noise Sources in Transistors
(A. van der Ziel)

a,  Summairy

There are fous pvossible 1/ noise sources in traasistors;:
the twe most impoirtant ones arce recombination 1/ noisc in the
cmitter space charae region and mobility fluctuation 1/f noisc
in the collectur current. Tt is shown that an cextonsion of
the Plumb-Chenctte procedure can discriminate betuecen these
possibilities.

b. 1/f noise sources in transistors

There arce four possible 1/f noise sources in p-n-p
transistors:

1) 1/f noisc in the recombination current IR-of the emitter
space-charge region, cither at the surface or at
dislocations. The first is usually attributed to
fluctuations in the surfacce rccombination vqlocjty,
as first introduced by Fongorl and verified by lisu
et al.z. For an alternate but. less likely intoerpretation
sce chinpcnning3.

2) Mobility fluctuation 1/f noisc in thce hole current IEp
flowing from the cemitter to the collcector.

3) Mobility fluctuation 1/f noise in ‘the elcectron current Iin
flowing from the basec into the cmitter.

4) Resistance fluctuation 1/f noisec in the base resistance
"B of the transistor. Because the basce current IB is

relatively small in a good transistor, this is probably

a very small cffect.




- 60 -

The wobility fluctuation 1/f noisc was recontly
introduced by Kleinpenning™ in his discusasion of 1/{ noilsc
. + . , . ] . v s . .
in p -n dicdes. We shall sce that source (3) 1s small in
comparison with souvce (2), so that the most significant
neise sources are (1) and (2).

There 1is considerable evidence, mostly asscmbled by
llooge and his coworkers, that 1/f noisc in scmiconductors and

. . . ) Cy s s 4
semiconductor devices can come from mobillity {luctuations .
Because of the Einstein relation, fluctuations in the moinility
ity imply fluctuations in the diffusion constont DP. IFor since
gqDh = KkTp_ we have 8D = k'dy
P P d P p (1)

and we can write with Klejnpenninq3

SDp(X,X|,f) SlJ (Xlx'lf)
5 -_ P = —a——'. 6()(' - x) (2)
D 2 frP(x")
y
. P P

where o is the Hooge parameter, f the frequency, P(x') the
hole concentration for unit length at x' in the base and
§(x'-x) the Dirac delta function.

Kleinpenning3 has calculated the hole current noise

I3

. + .
spectrum in a short p -n diode duc to mobility fluctuations.
. : + .
Since the base region of a p -n-p transistor corresponds to
a short p -n diode with an infinite reccombination velocity

at the contact to the n-region, his equation (59) can be

applied directly. Assuming negligible recombination in the
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base and relatively small injection, we thus obtain for the

speccetrun of the emitter-collcector current IE

abD I o
S = p_Ep ln(p(OlJ = 2q1

I, 2 \P(W)

a (o)
s wli)
Ep w 1 ’ (3)

Ep 4f ap p(w)

2 . . . .
where po = W /2Dp is the diffusion time for holes throuch the

base region, w the base width and P(o) and P(w) arce the hole
concentrations for unit length at the cmitter side and the
collector side of the base, respectively.

In the same way we have for the 1/f noisc of the electron

current IFn injected from the basce into the emittoer

«a N ()
S (£) = 291 s~ ln{a«fﬂ] (4)
IEn En 4f1dn N(w)
2 . . .
where Ydn = wE/2Dn, WE the width of the vmitter rcegion, Dn the

electron diffusion constant in the emitter region, whereas
N(o) and N(wE) are the electron concentrations {for unit length
at the base side of the emitter and at the emitter contact,

respectively.

Since I is about two orders of magnitudc smaller than

En
. + .
IEp in a good p -n-p transistor, whecrecas Tdn and po arc of
the same order of magnitude, SI (f) will be about two orders
En

of magnitude smaller than S1 (f), so that process (3) is

Ep :
most likely insignificant.

Since the cut-off frequency fT of the transistor is given by
)71 (5)

sI (f) is proportional to fT' so that it is largest for
Ep
microwave transistors.
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. + . . .

The extension to n =-p-n transistors 1s acccenplished by
interchanging n with p and X with P, respectively.

It will now be shown how onc can discriminate between the

. + i . - _

noisc sources of a p -n-p transistor. To that end we lcook
at the current flow in the transistor; Fig.2%9a shows the
currents In I and Ia- The corresponding cquivalent circuilt

P En

for the neisc current generators 61 ., 67T and GIP is pictlurad
. \

Ep En

in Fig.29b. We note that 6IFp is connected between emitteor and

collector and SIrn and SIR are connccted betweeon cmitter and

basc. There are thus two current gencvators ifl and j(q; ifl
is connected between base and emitter and i£2 between collector

and cmitter. As secn by inspection

lfl = —.SIR - LSIEn ; lf2 iz —SIEP (6)

Due to this tepology and with the help of the Plumb-Chenctte
approach we can now digscriminate bhetween ifl and if2' In
Fig. 30 the emitter resistance Rg is chosen so large that the
emitter can be considered as being fed from a constant
currént source. An extcrnal resistance Rb is conneccted
between base and ground and the collector is a.c. connccted
to ground.

According to Fig. 2 we havé for the noisc voltage v between

emitter and ground, since 1e ™ gy * igsy

Vs gy +dpp)r g - agi (R4 rp) 4 3 (R + 1))

1e1lfgo = %Ry + 1)l +dp,lr o+ (1 - a ) (R + 1)), (N
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Ve now detoermine \-17 as a function of Rb. Since the first
term in the sccond half of (7) 1s zero when
oo (xo(rb + Rb) =0 , or Rb = 1‘(':0'/“0 - Ty o (8)
the noisc source i1~l gives rise to a sharp minimum in ;f versus 4
Rb; from the parabola thus obtained the value of ifl2 can be
determined. The cexistence of this purnpola is an indication
that the current generator ifl is present. 1
The sccond term in the sccond halif of (7) depends very
slowly upon Rb Lecause (1 - ao) is a snmal) number. By mcasuring
the spectrum in the minimam of the v2 vereus Rh curvae, one can 1
determine ifzz. The reason is that the 1/L part of the spectrum
comes from if2’ whereas the, frequency-indepenaent part must
be attributed to thermal noise and shot noise. This situation
is pictured in Fig. 31.
If the effect of if2 is exticnmely small, it may be
assumed that SIEn is also negligible; the noilse is then ’
completely attributable to noise source (1). If the if2
effect is appreciable, one can estimate the cffect of
clcn* and so determine the relative significance of the
noise terms (1) - (3). We can then also detcrmine llooge's

) . 2
paramcter from leg -«

We thus sece that the discrimination between 1/f noise

JUNSIS W

sources in transistors is possible by.an extension of the
Plumb-Chenette procedure. Experiments are on the way at the
University of Florida to carry out this discrimination;

we hope Lo report on Lhese expzriments at a later date.

isl. _%‘ﬂ"" -
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Zopendix,
Since Rleinpenning's devivation of Ilg. (3) is not casily
follouwed, we derive it here with the help of the Klaassen-Prins
6

method . 1f P(x) 1is thc holc concentration for unit length

at x, we have for small injection

T~ —aD,dP/dx (A1)

if we have fluctuations éDp(x,t) in Dp, they will drive
fluctuations épP(x,t) in P, so that dlﬁp(t) depends on time

only, at least if the junctions are a.c. short-circuitced. lience

- - 4a V1 - o 4GP i
GIEp(t) = qu dx[6P(X,L)] q4 35 5Dp(krt)
= -gp_ L isp(x,t)] + H(x,t) (A.2)
=9 p dx d X :
where
H(x,t) = - g dp D (x,t) = I_ 8D (x,t)/D (A.2a)
! dx ~p' 7! Ep p 7! P
and
S (x,x',£) = T.2 6. x,x',£)/D2 = 1. 2lo/fp(x")]A(x" - %} (A.3)
H ’ ’ Ep D \ [ ’ p . Ep / o P Ny FANY

P
Since P(o) and P(w) do not fluctuatec if the junctions are a.c.
short~circuited, &éP(o) and éP(w) are zero. Multiplving both

sides of (A.3) by déx, integrating over the base length w, and




bearing in mind the beundary conditions for &p(o) and &p(w), viclds

\Y

511_:1)(t) = \% J H(x, t)dx (n.4)

o}

Making a Fouricer analysis yiclds

woowW w )
T.. I.. y
N 1 ] g . A Ep 'p not
S () = 3% S, (s, x', f dudn!' = - s - dx (N. D)
L. 2 H 2 P (=)
Ep wooY w L
o o o
Substituting for IEp from (A.)l) vields bqg. (3). ]

The value P(0)/P(w) is casily cstimated from the device
dimensions and parameters. According to hleinpenning (private
correspondence) {

= > a < w A6
IEp quI(o)/w and IEp < qP( )vS (A.G)
where Vg is the saturation velocity of the carricrs. Hence

P(o)/P(w) < wvs/Dp ‘ (A7)
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I1. On Mobility Fluctuations in 1/f Noise (C.M. van Vliet and R.J.J. Zijlstra,

Physics Laboratory, State University Utrecht, The Netherlands)

o e = —— a—-

a. Abstract
If 1/f noise, as expressed by Hooge's formula, is attributed to

mobility-fluctuations noise, then the latter can be represented by a source

S, Ju*
M (o)

o

= uH/f; there is no factor N in the denominator and there is no
cross—correlation source, as claimed in the literature.

b. Introduction

The current opinion is that flicker or 1/f noise in metal films on
semiconductors and devices is to be interpreted as a bulk effect; for a

homogeneous sample with N current carriers subject to a mean current

1)

1 the current-fluctuation noise is expressed by Hooge's formula

O;

Syp = aHIOZ/fN R (n

where ay is Hooge's parameter, which supposedly can depend on the electrical

2) (often but not always of order 2 x 1073) and f is the frequency.

2)

field EO

Zijlstra”’ has shown that in nonhomogeneous samples or devices (1) is to l

be replaced by the noise of a current density source E(E,t), such that

Ag‘= (A{)Phen_ + H(r,t) + 3(£,t) (2)
where (A%)phen is the current density fluctuation of the phenomenological

laws, n({,t) is the diffusion source (of no interest to us here), ﬁ(&,t)
~n .

is the 1/f noise source with the cross correlation spectrum for Q({,t)g({',t)

being given by the tensor spectrum

S, (

p(Er'HE) = o 3 (D) (") 8(r - £')/fny () R (3)
N

r
n

where %O({)is the steady state current density and no({) the steady state

local carricr density (here assumed to be electrons). For a howmogeneous ‘
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sample inteoration of (3) over the sample lcads to (1. 1f 1(r) 1is a
oy
line: tove . ] . . . .
curvilinear unit vector in the dircction of &O({) and { i the unit
tensor, we also write %o = %0 i, E = S { {, so that
' - 2 - r!
SE(E,{ L) a“{JO(£)] S(r - r )/fno({) . (4)

It is now customary to write SH in terms of conductivity-fluctuation noise
S . Since J = OE, we have for the source in o (o is assumed to be a scalar),
o oy

noticing that SH represents a Norton source (E = EO is kept constant),
v

Ac/co = AJ/JO; hence Ao = (A0) + £ , with Ec/oo = H/JO; this

phen. o}

gives as spectrum

S; (r,r',f) = aylog(n))? e(p - £')/fny(p) . (5)

o

When now the conductivity-fluctuation noise is attributed to mobility

. . L. 'y s . 3
fluctuation noise, it is further argued that (see Kleinpenning ), van der

. . 4) . N . a ) -
Ziel "), since ¢ = cun, one has for fixed n = ny: Au (Au)phcn. + Eu,
with gu/uo = 50/00; this gives a spectrum
S (r,r',f) = aH[uO({)]2 8§(r = r')/fng(p) . (6)

u

However, even though n(r) does not contribute to 1/f noise, this densitv

so that (6) is

remains a statistical quantity. Therefore, {‘/r

‘0 + fo/c

09
incorrect.

¢. Drift-velocitv noise

A different view as to the connection with mobility-fluctuation noise

5)

was in principle already given by Zijlstra

. Let Xd. e (¥i> be the
i
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drift velocity of the ith electron in a volume 4V, centered on . Then

HipLt) = - 1T ey (o) : (7

where N({,L) = n({,t) AV, Since we do not consider g-r or diffusion noise,
we may consider n(r,t) = nO(E) is constant. However, to all likelihood

the electrons in pV are scattered independently. Thus

e?N(r)
S, (r,r',f) = ——— 8 (f) (8a)
v )z 2K

where Spv(r) is the drift-velocity noise of any electron in the neighbourhood
‘ot

of I. The cross correlation for different volumes AV centered on X and !

r
N
is zero since the velocity fluctuations are uncorrelated. Thus replacing

in (Ba) 1/av by §(r - r') we also have

Sp(Er'h ) = eZng(De(r - £') 5, (6 . ~(8b)
Y MY

Comparison with (4) yields

s ago(0)12/e2[ng ()12 £ = a,[ug(DE (X)) /S : (9)

ay(r) ~

With v = uE this gives the mobility fluctuation noise

0’

sAu(g) = aylng(p)12/€ . : (10)

In the absence of hot electron effects u does usually not depend on

position, while also o, is then independent of Eo; then

H

S = Q

2
ap = oMo /f . (11)
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Theories for 1/f noise caused by mobility fluctuations should therefore

aim at cxplaining the simple relation (11) rather than the erroncous

representation (6). We note, however, that for device applications it

suffices to apply the current noise source (4); the origin of this source

in terms of Sg . Sg , Or SAv is inmaterial. Where in the past the
0 u ’\l . .
erroneous source spectrum (6) has been used, revision may be necessary.
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III. Mobilitv-Fluctuation 1/f Noise in Nonuniform Nonlinear
Samples and in Mesa Structures (A. van der Ziel and C.M. van Vliet)

In a uniform sample mobility-fluctuation 1/f noise is described by the
Hooge formula [1][2]
= 2
S, (f) = o I2/fN (1)

where Io is the d.c. current, f the frequency, N the total number of carriers

in the sample contributing to the noise, and a, is the Hooge parameter. For

H
nonhomogeneous samples or for mesa structures this result must be modified.

Van Vliet and Zijlstra [3] showed that for a nonrhomogeneous sample of constant

cross section we should use the noise source H(r,t) defined by

AT = (AI) + H(x,t) , ' (2)

phen.
with

SH(x,x',f) = uH(x)Iozé(x—x')/fno(x)A (3)

where the first term to the right is the phenomenological current, no(x) is the
carrier density at x, and A is the cross-sectional area. As a consequence, one
finds for a nonuniform and possibly nonlinear sample, of length L, instead of (1)

12 * o, () dx

s _(£f) = =2 . p
P " ) An_(x) )
o
The proof is simple. Explicitly, (2) reads
AT(t) = d[g(v)Aav(x)] [/ dx + H(x,t) . (5)

where g(v) is the conductance per unit length at v = v(x), and av(x) is the

fluctuation of v at x. Multiplying with dx and integrating over the length of

the sample yields
L

L
AI(t)L = [g(v)Av(x)]o + f H(x,t)dx . (6)

[0}

e o
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For the noise Norton generator Av{L) = Av(0) = 0, so that

L L
1 ' '
o ©

Sugstitution of (3) yields (4). This result is general, even 1f the sample
is a nonlinear near-ballistic device.

For a collision—limiteé'sample with conduction determined by a constant
mobility, we now note that the current due to drift and diffusion can always

be written as [4],
1= qpno(x)Adw(x)/dx (8)

where y(x) is the quasi-Fermi voltage or electrochemical potential at posi-
tion x. Thus, also

I - )
E;;;z;jz dx = d¢(x) , (9

or, by integration, noticing once more that the current is solenoidal,

L
1 dx
quA no(x)
o]

= y(L) ~y(0) =V, (10)

where vV is the applied voltage. Hence, for the d.c. resistance:

L
.y _ 1 dx
R = 7 Y f “o(x) . (11)
(o]

Note that this expression hoids in a nonuniform device even 1f part of the

current is not carried by drift. Combining (4) and (25 we have, 1f we may
suppose that the Hooge parameter does not depend on x (or if ay is a weighted
Hooge parameter over the device),
¥ 2
GHIO

= Q12)
SAI(f) 12 (quR) .

- "
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In collision-limited diodes of structure n+nn+, this formula is of
importance since due to spill-over from the n regions the density no(x) in
the n-region is not constant; moreover, nonuniformity and nonlinearity can
occur due to space-charge injection. Often, for these devices one utilizes
mesaAstructures, consisting of m alternating n+ and n layers. We assume the
n+ regions are shorts and cause no noise. Let [SAI(f)Af]15 be the Norton
generator in parallel with each n-region; then for the total voltage noise of

the mesa structure -
2
sAv(f) = lnSAI(f)R . (13)
Hence, for the overall Norton generator of the device, of measured resistance
p = mR, we have

=L
Sa1 (f) = = 8,1 (6. (14)
overall

Employing (12) this yields

aﬁlg aﬂlj
s (£) = =55 (qup) = ——>—5 (app) . (15)
overall fLm fL
total

This result allows us to determine the Hooge parameter from the measured

noise, Io’ Ltotal and p.
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IV. A New Transform Theorem for Stochastic Processes, with Special Appli-

cation to Counting Statistics and 1/f Noise (C.M. van Vliet & P.H. Handel)

a. Abstract

A new tranzlorn is derived which linke the Allan variznce uniguel:
to the stectirun and vice versa, This transfornm pair handles well, besidecs
= el ’
the usuarl Lorentzian srectra, the less well behaved specira S(w )= C@&

-1<}A<:3. In particular the theorem is useful for 1/f roise, for vhich

the connaction with counting statistics is described in detail. Possible

IeR

.

reasurenents to verify Handel's guantun theory of l/f noise are describe

b. Introduction

In emission phenomena the effects of the statistics can be measured

in various ways. Most directly, one can determine the counting statistical

distribution P(MT,T) for the number of counts MT in a time interval
(t,t+T), or the interval distribution between counts IW(T); conversely,
one can characterize the statistics by the noise of the counting flux as
measured by the current in a detector. The latter procedure is the usual
procedure if the pnulse rate is too high to be separated by a counter,

The measurement of photon statistics can be based on both procedures,

see ¢.g. Refs.l,z. For electronic emissions, one usually examines the
electrical current noise in the anode current. For radioactive decay,

on the other hand, counting techniques are most prevalent.

The connections between counting statistics and particle current
noise were pointed out in Ref.l (especially Section 8). The main link
is provided by MacDonald's theorem. We define the following useful
quantities:

m(t): instantanecous number of particles detected per second;

mT(t): time average of m(t)in an interval (t,t+T),
1 t+T
mT(t) = = m(t')dt' , (1.1)
t .

1

i v can s oo b o
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MT(t): total number of particles detected in (t,t+T),

t+T

BLr(t) = f m(t')dt' = Tm.r(t); (1.2)
t

g(t): number of arrivals in (-=,t)

t
qQ(t) = S m(t')de’. (1.3)
=2

Wwe also define the variances:

2 . 5 N p T €T :
o = (A = = [ [{tm(t")am(t"),dede" (1.4)
M T N

2 2 2 2

o = &M = T o . (1.5)
M,r T> mT

2

Notice that 2 is dimensionless, while 62 has the dimension T %.

MT mp
For a Poisson process <A‘12> = <M >— m)T; thus, if the process is
pro ’ "T T '< » S, e pr e
. . ; . - 2
stationary, i.e., {m) = m, is constant, Oﬁ goes as T while 0~ goes as
T

T-l. MacDonald's theorem gives the following transform, linking tie
second order moments of the counting distribution with the noise spectral

),

density, Sm(m), of the flux fluctuations, &m(t) 2

ety = i 5, («)o” ! sinaTdw (1.6)
with inversion

- 7
S(w) = 2wf; dTsinwT %T-<£M}>. 1.7

The theorem is useful for Poissonnian-statistics. Then

2 _ . _ Co .
By = (M = mT _ (1.8)
and
= T : - .
S(w) = Zamofo dTsinuT 2m0, A (1.9)
in other words we have full shot noise. Conversely, if there is other

noise, like 1/f noise or "Schottky flicker ncise" (which has a Lorentzian

spectrum, sece Ref.5), the statistics cannot be Poissonian.

b,
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Unfortunately, for 1/f noisec eq. (1.6) is not applicable, since the

integral diverges. However, a useful concept in this case is the "two

sample variance' or "Allan variance'. Let m%l) be the average counting :
-’ in .
rate in (t,t+T) and mé“) the counting rate,(t+1,t+2T),sece eq.(1.1). Then we "

define the Allan variance by

c’AZ - 2<K (1) _ (2))%> : (1.10)

' 2
- Loed -~(2))> e A (1.11)

r mp
. A2 . A2 s

The variance ¢ = (which means (0)°) turns out to be finite for 1/f

. . 2 6) .
noise, in contrast to ¢, as was shown by Allan~’, This
variance is also useful for other noise spectra. In section 2 we derive

<y A2 .

a general transform theorem linking ¢ and S(«). In section 4 we present
the inversion of this theorem. We thus have a new transform pair, which
in many cases is more useful than MacDonald's theorem or the Wiener-

Khintchine theorem. In section 3 we discuss the consequences for counting

statistics. In section 5 we add a small refinenent,

¢, The Allan variance transform l

The theorem recads

4wdw

(T) = fO S (oQ sin

4 T
= (2.1)

| W,
Tﬁe derivation is straightforward. Let Aq({] be the correlation funct;on

. . 2
of q(t). Then by the Wiener-Khintchine thcorem, noting that Sq = Smﬂg ,

do S (w) dew
Aq(&) = (q(t)q(t+6)> = S (aﬂcoswb——_ligf a? coswé-§; . (2.2)

where we used (1.3). It should be noted that the limit ¢ - 0 may not
exist, so it is not carried out at this moment. From the definition of

Allan variance, we have noticing (1.1) and (1.3)
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- (2Tet)+q(T+1)] %
2T"
1
= — 2 -0 +00 0 » 2-3
- 28, (2T) -83_ (1) 64, (0] (2.3)

wherc we assumed the process to be stationary, sc that <q(t*2T)q(t+T)> =
Aq(T),etc. Substituting (2.2) we have

H? - A qimg” dwz S (&) [2c0s2uT-8cosuT+6]. (2.4)

my 2T% 0 € 2nw

The expression is meaningful if the limit ¢ - 0 exists for the total

right-hand side. We now notice

2¢022¢T-8cosul+6 = -2(1-cos2«T)+8(l-cosuT) = —4sin2uﬁ+165in2 S;
= —1651n2&Ecos‘EE-+ 16s 11129‘Z = 165in491 . (2.5)
2 2 2 2
Consequently,
2
A% = i /792 s (wsin®d : (2.6)
o ﬂT 0 m

which proves (2.1). For 1/f noise the limit exists, since with S(v)=C/f,

8Cf°°_?_('9? sin4£ = 2Cf e s1n E = 2C10g2. (2'7)
Ol 2
wT E?
Hence,
2
(T) = 2CT"log2. (2.8)

%
Since the transforms (2.6) are not always easily performable, we also

-give another form. Let F(s) be the Laplace trznsform of cﬁi,

F(s) = fgdre‘STo:‘; ™ ' (2.9)

. 4 . . .
the transform of the kernel sin wT/2 is easily found be rewriting the

argument in the 1.h.s. of (2.5); we then obtain

2
)

6 o
F(s) = —/dw S(w. (2.10)
o (52+4a3)(52+a;)s

boe
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For spectra which are even and analytic this can be gainfully written
as
F(s) = > 4. dw o s (2.11
(s) = 0l 9C 5 5 (@), .11)

(s%+as) (e )
where C is a contour consisting of the real axis and a semicircle in the
upper plane,at infinity,

For 1/f noise, (2.11) is not useful since S(«&) = 2rC/ |w|, which is
not analytic in the plane. However, using partial fractions, (2.10)
is split into elementary integrals; the result is F(s) = 4C(Iog2)s-3,
which upon inversion yields (2.8).

For white noise, S(«) = 2A, so (2.11) has upper half plane poles
only at w = 1is and 1is/2., We easily find

2 A2

F(s) = A/s*, <%HﬁT) = AT. ' (2.12)

Finally we consider lorent:zian flicker noise, of the form

2.2 2.2 1 -
S(w) = 4Ba/(c’+w) = 4B7/(1+w’t7), T = . (2.13)
There is now an extra pole at « = ia. From the residuc theorem one ‘
finds,

2
-
F(s) = ZBr 5 4; > T 5“ 5 T T3 L 5| (2.14)
[s (s7-4a%) s (s"-a") s(s7-4a")(s"-a")

the inverse transform yieclds
A2ry = Bae Moo ?Tioar-3]. | (2.15)
MT o? .

The various results are summarized in Table I.
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: 2
S (w) F(s) c,. (T)
T
Poissonian " " 2 M =
shot noise M “mO/s < I 7o
general 2 ¢hme 2 (mosT A2y —en T E
shot noise (AHT>T 3 r> /S <L‘H‘) 0
1/f noise 3 2
2nC/ || 4C(log2)/s 2CT 1log2
Lorentzian 4B —2 25 4a 2a _§{4 -aT__-2aT 2¢T-3]
ick i “ 2 P
flicker noise a +w2 52(5__4a2) s“(s“—az) a2
6a2 ]
= )
s(sz-4a“)(sz-a2)
- A=2, -a-1 A A-2
"Pathological L/]wl)‘ 1 L(1-2""ys™h LT (1-2" %)
noise" Ocded - 122 sin(mA/2) sin(nia/2)7(A+1)
TABLE I

‘A few explanatory words about the details are in order. The first

column lists the spectral densities, in particular the w-dependence.
The last column gives the T-dependence and the explicit results obtainable

from Sm(m) via the Allan transform theorem (2.1). For Poissonian

shot noise (or "full shot noise") the Allan variance equals the regular

variance 02, which equals the mean; note that m_ is a constant for a

o

: 2 .
stationary process, so oA We also included the case of

My

general shot noise (or non-Poissonian shot noise).

goes as T.
In this case the

spectrum is given by Milatz' theorem, Sm = 2(var n&)T,which is a variant

of MacDonald's theorem4). Though the distribution P(MT'T) is non-Poissonian, the -

assumption of white noise 1nd1cates that the autocorrelation function

is still a delta function (Am(t) Am(t+5)) = (Am(t) >5(6). The Allan

.
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variance turns out to be equal to the regular variance, as is also
found directly, for

A2

A = Ko - HegP e D-2dr )

Gl - ouy? - GSLI‘ , (2.16)
since the delta function correlation implies <M1(.1)2-L£2)} =§M1(.1)>'\r»t1(,2)>=
<FT>? for T > 0. The case of non-Poissonian shot noise occurs e.g.

in photon emission when the counting statistics isS a compound Poisson

distribution which reflects the Bose-Einstein statistics of the photons

in a mode 1’5. In that case the super Poisson factor x reflects the

Boson factor

(L) <
= -?\?7— = 1"-’B, B = T—' s (2'17)

where Z is the number of modes comprised in a counting time T and solid
. X -1 .
angle & of measurement, We assumed here w << T where T, is the
coherence time; for these t*o.ucrc1cs the spectrum is white. (?i orcusly
speaking, if we include >z, ~,this 1s a sge cial czse of Lorenizian tyr® noice
For 1/f noise and Lorent-lan flicker noise the constants C and B
depend on the model. This will be further discussed in section d. In
fact, the mecasurement of OﬁT should be a very useful tool to discern
between the various models, as we discuss there.

For the last entry '"'pathological noise'", we performed the computations

from the inverse of the Allan variance theoren, see section e.

d. Counting experiments
The presence of non-white noise in counting statistics can now be

determined from a measurement of the Allan veriance, as a function of T.

'
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For suppose that the noisc is cosposed of white noise, 1/f noise and

Lorentzian flicker noise, i.e.,

T 1 a
S [N = 23kl 2n . -
m( ) .)& ':10 + nC lwI + 48::—’+w2 » (J.l)

AR, 2 R oL
then, a measurement of R(T) G /(ir> yields, noticing again <}L> =
“T l

m. T where nm, is constant,

0 0
(1) . (2),2
(> =N > .
e R s S SO ENVAU TPRCT. SO
ZQLI.>2 m0I m2 m;'I‘z o
0 0 . (3.2)

In all flicler neise and 1/f noisc theories the extra noise goes with
the flux squared. Thus we write C' = C/mg, B! = B/mg. For T >> G-l,

we have then

% vy o . 2B! <
R(T) = moT + 2C'1log2 + oI 5 (3.3)

for T << a-l (very slow Lorentzian flicker noisel) we have

X 2B
+ 2C'log2 + —
m. T &

0

(3.4)

R(T) %

Thus, a slow Lorent:zian reveals a term af. Fast Lorent:ziass will not
be easily recognized unless B' is very large. The presence of 1/f noise
. . 6) . -
gives the so-called flicker floor “: for T =+ =, there is a reraining
term in the relative Allan variance R(T) —+2C'log2 = F. From this the
1/f noise strength can be determined.
The Lorentzian flicker noise cccurs if there are N(t) emission centres

whose creation and annihilation affects the emission. In Ref.5 we

established
(AN%>

B' = 4S5, (3.5)
{N)

with my = AN, )) being the emission rate per centre.

- v ez
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For 1/f noise Hundel hoes devised the model of guantun 1/f noice,

based on self interference of the wave pachets of the ermitted pu

) 7)8 . ; .
sce ) and ) ). In this theory one finds

D o~

2e A 5.0
S (0 = — 7 3

n it} 0
so that
c' = ZcfA; ; (3.7)
Lence the flicker floer Leccmes F o= d-z Alogl Here y is & ccherence
i
-
ractor 2. is the {ine siructure censtant, 1/137, and A = 2(»Ww)7/34c¢7,
» x ’

For c-purticles we expect 7 to be close to one, while it ray be
. -~ ,-.* ~T : . . .
considerally smaller than one for ¥ or § emission due to inccherence

irtreduced by the associated nevtrino emission. For these particles

—. s

ong casily finds

- -7, . . =
cf-\ = B8.32x10 " (E in MeV) . (3.8)
. 230 226 232 228
For many z-enitters, such as goTh - SSRa , 90Th - ﬂSRa ,
238 234 243 239 -6
X : < finds +h ~ y
92U - 9OTh s gzl - 93Xp , one finds that th ~ 4x10 .
. . -6 . .
Hence the Jlicker floor becomes F = 11.2x10 ~. For a 10 micro curie

\ .. . R S -1
source, the number of disintegrations per sccond is 3.7x107sec .

Assuming an efficiency 7410_2, which accounts for solid angle and
absorption in the source, we arrive at (5H>:5 1.3x10 ? in T=1 hr. The
Poissonian term in (3.4) (x=1) thus becomes 1/(}H>:z 0.08x10‘6, which
is vell below the flicker floor. Experiments to verify the theory of

quantun 1/f noise by a-particle counting statistics are underway at the

University of Florida. It shculd be noted that Harndel's theory also in-
cludjes contributions to l/f noise from infrapirticles oiher than thotons;
the resulting =« A is the sun of contridutions Tor all iyzes of infra-

nmr

guw.nte participating in the encrgy transifer,

[ ——




e. Inversion of the Allan variance theorvn

It is generally believed that a constant relative Allan variznce

e ——— v o,
e o———

irplies the presence of 1/f noise; or, more generally, one expects that
a given Allan variance determines uniguely the spectrum S(w). This
will now be shown by inverting the thecorem (2.1), which composes a
Fredholn: integral equation of the first kind.

To this purpose we restate (2.10) in the form

d

w

e,

L X (%) (4.1)

(/@) (&5 +4) (55 +1)
w w

F(s) = %IS

.
]

2 ) . . . .
where X(u) = S(w)/w” . We will take the Mellin transform of this equaticn,
and follow a method discussed by Morse and chhbachg). The transfornm
has to be taken piececwise, since the full transform does not usually

exist for the functions F(S) encountered in noise problems. We have seen

in all cases (cf Table I) that for

os™ M, &>0,

s =0, F(s)
(4.2)

os™ Yy, T>o0.

s =, F(s)

For the various noises the values of ¢ and 7T are given in table Il

. inversion | type of
oise o T, . =
° applies [ transform
white 2 2 Jjyes partial .
' !
1/f 3 3 yes partial ?
1
Lorentzian 2 4 yes full ;
3 ' 5
1/f 5 5 no .- !
TABLE 11
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Conscguently, let*
1 p_l . .3 - Re . kd
(P = JOF(S)S ds; exists for Re p> o, ; (4.3)
¢ (p) = f:F(s)sp_lds; exists for Re p< 1, . (4.4)

Since 1t = ¢, for most cascs, there 1s no region in the complex plane

o (4

whereboth €'s exist together. Only the Lorent:zian behaves better; it

has a complete Mellin transform ¢(p). Other cases may occur vhere

t

T,< Op-

We now recall the Mellin transform convolution theoren,

m[f v(s/Wg(wdwwl = V(p)G(p), 4.5)

| -
wherc\Y]dcno:cs the Mellin transform; here capitals refer to the trans-
same
formed functions. Noticing that (4.1) is of the form 2as the expression in
the t‘”pﬁ””ul;r racihet

i~
«on the 1. . of (4.5), we find that the transformed ecquaticn (4.1) is

V(p))kp) with, for the transformed kernel

- p-2 _oP-3 o
vip) = QIO ds ——>—— = I, l<Rep<S. (4.6)
! (s7+4) (s7+1) sinz(p-1)w
Thus we obtain
l-Zp-S . N
¢ (p)vo, (p) = RAOHROIP (4.7)

!
51n5(p-l)n

*

Usually, for the existence one con31dcrs thc chc<gue
2c -1 .
integral folF(s)Izs ds;i;this is finite for ¢ > g, the transform

$ exists .for Re p = 0. Likewise for @, .

f The Mellin transform presents a dimcensional anomaly since s has the

. . -1 . . —
dimension sec ~. Strictly speaking we should replace w by &= w/mc and
Tby T = T/Tc where w, and Tc are an arbitrary normalizing frequency and

time interval. This has consequences for the reverse transform, see later

exanmples.

i t—— " — > ———
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In order that there is a region in which both V(p) and ¢ (p) or
& (p) exist, it is necessary that T,>1 and ¢,< 5. The situation "
+

is depicted in Fig. 32.

From (4.7) we deduce

p—3
2 (p) - K ) = e, () ), (P (4.8)
s1n—(p n 51n—{p 1)n

This equality whiéh initially is valid in the shaded area only can be

‘made to hold in the entire plane except at singularities by analytic
continuation. Besides this, the integrals cver each of the merbers,

going along & 1line Rep= o' for the l.h.s. and Rep= 1' for the r.h.s.,
are equal due to the inverted transform cquality. Using a theoren of

Morse and Feshbach (op cit.p.463) we conclude that each merber equals

a function R(p) which is analytic in the entire area 1 < Rep< 5. We

thus obtain by transforming back

oo 3 oo t
- 1 i }0' _E.¢ ) cosnw/z _ 1 1 }T gg_é (p) ospr/2
ani ~letg! P 1- 2P=? 2mi -jwert of 2p >
+ ; dp R(p) CO_SM s ' (4.9)

1-2P7°

where C is a counterclockwise contour made up.of the lines Rep= g'
and Rep= 1'; the o' and t' are in the strips as indicated in

Fig. 32. Since R(p) is analytic and the factor followinﬁ R(p) is regular
(at p=3, both numerator and denominator are zcro, but their ratio is

finite) the contour integral is zero; i.e. there are no solutions of

x@ =W e N o |
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the homogencous cquation. The solution of the inhomozeneous equation

4
1
t
|
?

is thus unique. The solution (4.9) becomes - reverting to

S = X(w)wz:

im+o" 4

dp cos: pm, .- A2, .
S(w = - : = Fio, (T
() 2n1 -iw{c' wp-2 l_zp—a)n-ﬁn‘v (T]
ico+fr'
1 dp  cos prw .. A2
- 5T J —=n.kle, (M), ¢ »gq T < T, (4.10)
2mi st wp-Z 1-2P o|]+ AT )

This 1s the complete inversicn thcorem corresponding to the Allan
variznce theorem (2.1).

For the case o,< 7, the situation is depicted in Fig. 33, The full
transform exists and is analytic for the shaded area. We can now select
a line Rep= B, o< B< 7y for the inverse transforms. Thus, adding

the two terms of (4.10) (i.e. taking o = B, T =8), we obtain:

. 1
1 By CoSPTL A
S(d = -5 [ —?_7"“_—3}!!:':[0;, M], g<B<T - (4.11)
it P2 1-2P by
If the Mellin and Laplace transforms are interchangeable, then {4.11)
allows the simple expression ‘ ‘
<1 =P g, cospr w dT A2
S = -57 J S Ty o (M, (4.12)
Sl ey P77 1o2P T Hp

where g 1s in the dorain of analyticity of the expression

T/t TP o2 (m).

My
We will show the application of (4.10) and (4.11) or (4.12) to two genceral

cases. First consider an Allan vw.riance of the form KTL, 0< A< 4.

-x-1

Then F(s) KI'(A+1)s , and

,

@) = ST TOWD), Rep>q= 1, (4.13)

1

K

e, ) = - phT F(x+1), Rep< T, = 14, (4.14)




- 86 -

Then €¢'s arc substituted into (4.10). We consider first "ux1". In view
of what we said in the previous footnote, this means in recality

w< 1l orwsxc< S Since w. can be chosen arbitrarily large, the &_
solution alone should cover the entire spectrum! We now close the
contours in Fig.l with large semicircles in the left-hand plane; on
these semicircles the integrandAgoeé sufficiently fast to zero. More-
over, since é+(p) as well as cos%pn/(l—2p~3) is analytic for

Rep< T, the contour integral for this part vanishes. We are thus left

with

1
<1 . dp C9%%PT xroen)

il 3 = -
2ni CI mp-z 1-2P°3 p-A-1

S{(w) (4.15)

ve note that there is only one pole, p=X+1 (for p=3, the denominator
p-3 . . 1 . . . -
1-2 is zero, but so is cosopT, their ratio being finite). Hence,

1
" cos=pr

S@ = - oy lin —I= (e, (4.16)
w p—*1+)\. 1-2

p-o

For X\#2, the limit is straightforward. Then

K sinkm/2
Sw) = —ﬁ%r(bl). (4.17)
® 1-2

For white noise, K =m XA =1 (see Table I), hence S(w) = Zmo, as

0)

expected. For 1/f noise K

1]

2Clog2 and A=2., Then from (4.16) by

de I'Hapital's rule,

.1 )
sinspm 2.C
Sw) = -Atlog2 ;.1 727 . = (4.18)
w 3 2 log2 c(p-o)logz w ’ *

thus confirmning the point of departure. We note that, since \ runs

1-¢ -3+¢
from zero to four, spectra from o up to w ~F, (where ¢ is

arbitrarily small) can occur for the present pair of transforms (2.1)

yoy




- 87 -

and (4.10) to be valid. The £flexibility of this transform pair is

thus much larger than that of the Wiener Khintchine theoren, which
1- .

handles only spectra fronm wo to w 5. Notice also from (4.17), that

if we know in advance that the specctrum is Sw) = L/wx_l, then the

Allan variance is (\#2)

A= M-y sin /)T O (4.19)

Finally we remark that we can obtain the same results from ®+. e then

take ‘'“w>1'"', and close the two contours with semicircles in the rignt-

hand half-plane. The contour integral over the & -part vanishes. The contour
integral over @, {clockwise) yields with (4.14) again the result (4.16).

Next, we consider Lorentzian noise. From F(s), see Table II or

(2.14), we obtain

) p-2 _2p’3
&) =MF(s) = 2‘na“ e r_l s 2<Rep<d (4.20)
sinpi cosy?
This is put into (4.11), which yiclds
i ¢ p-2 1
Sw) = = f dp(T s (4.21)
a i w sin(pm /2) ‘

This result can also be obtained from (4.12) providing we still use

T'(p)T(1-p) = n/sinmp. In order to evaluate the integral over

- 2
OAZ - which integral is \ﬂl_ AZ(T) - we notice that CA‘ for T+ 0

(&)
M N b
is of order T” as is found by Taylor expansion. We first compute
h A2 Y A2 . o -
o and n+c for very restrlgted conditions cn p for the four

- A2 C .
individual termsof o 7; on joining the results the conditions on p

are then relaxed withﬂ_ existing for Re p < 4 andlﬂ* existing for

snmmistnelaiion.
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Re p > 2. There is now an overlap on 2 < Re p < 4 ; the partial Mellin
transformscan be added, resulting in (4.21).

In equation (4.21) there are poles at
p = 2m, m=0,:1,42,... (4.22)

Consider first w < a . We then close with a semicircle to the left.
From Fig. 33we notice that we enclose the poles p = -2m', m'=-1,0,1,...,=.

For the residues we have

i 2 ' ’ i s '
Res = = (™) gy EIZE!—- = Z'l'(&)z(mul)(-l)m . (4.23)
a nma-a
p—2m’ 51n—pn

Thus the result of (4.21) is the power series

| &
8
1
o
5]
g
Q

_ _F 2 w2+l om' no_ 4q
5@ = -3 2 @ -1) 2y @TEDT s S )
(4.24)

Likewise, if w > @ , we enclose with a semicircle to the right. The
poles to be included are now at p=2m", " = 2,3,...,=. One easily

>

obtains the asymptotic series

qa a.2n n da

s@ = 5 2 @Ten" -

(w>a), (4.25)

f. Nonadjacent sampling

The reasurenent of the Allan variance necessitates adjacent sanpling.
. This is generally not exactly possible because of the dead time of *he

o

registering instrunent. Ue arc thus led to define & slicht generalicztion

of the Allan variance, which was already {orcseen by Allan [6] .

let T be the dead time between sanples., ke ‘hen define,

S LG EXCEL SRS R RO} L (5.1)
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Analozous to (2.3) we have,

one = = < la@r+Tet) - q@+Tet) - oTet )+ a(t)] >
T

= Aq(ZT +T) - ZAq(TrT) - 2Aq(T)+ LE(T) + zqu(o) . (5.2)

‘q

Ve thus find

B2 S_1¢2)
- g S0
UMT - L =l [coso:(ZT«}-t') - 2cosw (T+ 1)

277 w 2
- 2cos )T+ cos w{ + 2] . (5.3)
With ccme trigoncmetry this yields '
B2 ©
G'\ — u f dL\: -
o= - — 2) s3infw T 2 O(T+
T 7o 2 Sl st SJI“_(Z_‘J)_ : (5.4)

which is a siraightforward extension of (2.1). Again, for any T, Specizz

-1 ‘
of the form E(w)eCu« 7, -2 L A<3, as well as regular spectra (Lorentz-

jans, etc.)., allow a transform to exist. For the marticular case that T
— Twe have
s : .
P2 16 S de b WT 2 WwT
T = = S (tQ) sin —=— cos™ —/— ., .
Ty T o w? a(2) > > (5.5)

For 1/f noise, the integral (5.4) is found to yield, ysing the Laplace transforn

as in section 2, ) .
2
G"BZ = Lert [(2 +1r) log(2+r) - 2(1 + r)zlog(1+r) + rzlog r] R (5.6)
MT 2
where r :’Z"/T. This is the correction to be applied to the counting sta-
tistics results of section 3_.if’t‘—7l- 0.

Inverses of (5.4) and (5.5) can in principle 21so be found; however,

since these have less fundanental meaning than thoze of section 4, we re-

frain from these results,
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g. Cou.ciusions

For most realistic noise spectra, eqs. (2.1) and (4.10) through (4,12
‘ provide a new transforn pair, similar to MacDonald's and the Wiener-
Khintchine theorem, but with wider range of applicability. The theorem
is in particular useful for 1/f noise, for which neither the correlation
function nor the variance 02 exists. A measurement of the Allan

M

variance may aid in understanding the ubiquitous 1/f noisc phenomenon,
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Figure 4. Circuit with high source impedance.
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Figure 5. Measurement of high-source impedance spectra (SHRS) and low-source

impedance spectra (SLR ). The base currents are 6uA, 3uA, lpA. ‘
s
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Figure 6. Circuit for low-source impedance data.
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Figure 10. Block diagram of the counting system.
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Figure 11. o~decay counting: R(T) vs. 1/T (here R(T) is relative Allan variance,
T is counting time).




Figure. 12. R(T) vs. N, wheze N is the number of samples
of ¢ ration T T = 100 minutes.
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Figure 15. Averaged R(T) vs. 1/T. The straight line is Poissonian noise;

the deviation is due to 1/f noise.
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Figure 16. The variance (UMZT) and the Allan variance (oA“) vs, T.
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Figure 18. Equivalent circuit of n nn structure, showing
parasitic elements. RLl’ RLz are lead resistances,

RS is the lateral substrate resistance, while

RS; is the bulk substrate resistance. Rx is the
device resistance. Terminals 2 and 6 are connected
with the top of the mesa, terminal 7 is connected
with the top of the substrate, while terminal 5 is

connected with the bottom of the substrate.
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Figure 19. Correlation measurement setup.
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Figure 23. Noise spectra for n+nn+ device.
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Figure 26. 1/f noise of n+n n+ diode versus current.
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T

—+
100 IK

f (Hz)

Noise spectra for n+x>n+ device.

v —-_— TP+ G, T —




- 120 -

e !
o1 .

-15

-16
10

s, (A2/H2)

-17
10 T

-19
10 | 1 1 1
|

10 10 ! 10 100
I (mA)

Figure 28. Noise at 100 hz of n+p ot device versus current. (The *%* points
are obtained from O and O points if the abscissa denotes
only the punch-through current.) '
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Figure 29. b) Equivalent circuit for the fluctuating current generators. :




Figure 30. Plumb-Chenette schematics for discriminating

between ifl and ifz'
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Splitting v? into component parts representing the
effects of ifl’ ig, and of shot and thermal noise.
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